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Abstract — This study considers a system of multi-server queues with two classes of impatient customers: high-priority
and low-priority. Customers join the system according to a Poisson process and customers may abandon service after
entering the queue for an exponentially distributed duration with distinct rates. In this paper, we consider last come-first
served (LCFS) and first come-first served (FCFS), and service time is assumed to be distributed exponentially among all
customers. Deriving the Laplace transforms of the defined random variables and applying the matrix geometric method
with direct truncation makes it possible to obtain an approximation of the stationary distribution in order to calculate the
expected waiting time for both classes of customers. For each class of customer, we derive performance measures related to
stationary probability distributions and conditional waiting times.
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1. INTRODUCTION

In this paper, we consider a system of multi-server queueing models with two classes of impatient customers, in which
one class is given higher priority than the other. Our focus is on the non-preemptive priority policy related to the start of
service, wherein service cannot be interrupted by other customers and impatient customers are prone to abandoning the
system. Priority queues and the issue of abandonment are encountered in many applications, such as telecommunication
networks, customer contact centers, and healthcare systems. Customers join the system according to a Poisson process, and
customers may abandon service after waiting in a queue for an exponentially distributed duration. This study deals with two
common service disciplines: last come-first served (LCFS) and first come-first served (FCES). High priority customers are
dealt with by focusing on performance measures related to queueing times and conditional waiting times in cases where
service is provided and in cases of abandonment. The focus is on expected waiting times when dealing with low-priority
customers. An approximation of stationary probability distribution is obtained using a direct truncation method. The
proposed method also uses Laplace-Stieltjes transforms (LST) to measure the waiting time distribution.

Baccelli and Hebuterne [1] presented analysis of a queue system in which impatient customers are prone to
abandonment. Garnett et al. [4] presented the sim- plest abandonment model, in which patience is exponentially distributed
among all customers and the waiting capacity of the system is unlimited. Brandt and Brandt [2] presented a multi-server
queueing system wherein customers may leave due to impatience. Choi et al. [3] introduce a simple approach to the analysis
of M/M/c queues using a single class of customers and constant impatience time. This study included two classes of
customer: class-1 (customers with impatience of constant duration rates) and class-2 (customers with patience and lower
priority than class-1 customers).

Other researchers have dealt with non-preemptive priority queue systems. Kella and Yechiali [10] used probabilistic
equivalence between the M/G/1 queue with multiple server vacations and the M/M/c system, in which the Laplace-Steltjes
transform is applied to waiting times. Sleptchenko [15] developed a multi-class, multi-server queueing system with
non-preemptive priorities, in which steady-state probabilities are estimated. Zeltyn et al. [17] introduced a multi-server queue
with K priority classes. The LST of waiting times is calculated explicitly and the LST of sojourn times is provided in an
implicit form via a system of functional equations. Choi et al. [3] analyzes M/M/1 queues with impatient customers of
higher priority. Kao and Wilson [9] analyzed non-preemptive priority queues with multiple servers and two priority classes.
They developed a multi-server queueing system with two priority classes, in which high priority customers have
non-preemptive priority over low priority customers.

Wang [16] considered a single-server with non-preemptive priority queuing for two classes of impatient customers.
Iravani and Balcioglu [5] analyzed three different problems in which one class of customer is given priority over another
class. In the first problem, a single server receives two classes of customers with general service time requirements and
follows a preemptive-resume policy. In the second model, the low-priority class is assumed to be patient and the single
server chooses the next customer to serve according to a non-preemptive priority policy. The third problem involves a
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multi-server system that can be used to analyze a call center offering a call-back option to its impatient customets.
Sathangian and Balcioglu [14] analyzed three delay systems where different classes of impatient customers artive according
to independent Poisson processes. In all models, they obtain the LST of the virtual waiting time for each class by exploiting
the level-crossing method. This enables us to compute the steady-state system performance measures. Jouini and Roubos [7]
recently proposed multi-server queues with two classes of impatient customer: high-priority and low-priority. The two
classes have different arfival rates but the same abandonment rates and service is performed according to LCFS and FCFS.
They explicitly derive the LST of the defined random variables. They compare FCFS and LCES and gain insights through
numerical experiments. They have derived the expected waiting time of two classes of customers with the same impatience
rate while Sarhangian and Balcioglu [14] considered the expected waiting time under only FCFS. The objective of paper is to
investigate the expected waiting time of both classes customers with different impatient rates under LCFS and FCFS.

The method presented in this study can be summarized as follows. We assign an expression for the LST of the random
variable related to busy periods in order to investigate high-priority customers in an LCFS queue. Our analysis of high-
priority customers is based on the method proposed by Jouini et al. [8] which derives all moments of the probability
distribution of conditional waiting time in cases where service is provided and in cases of abandonment. We also adopted
the method of Jouini and Roubos [7] wherein we derive the stationary probability of class-1 customers in queue-1. For
low-priority customers, we obtain the stationary probability of class-2 customers in queue-2 based on truncation and the
matrix analytic method.

This paper is organized as follows. In Sections 2.1 and 2.2, we describe two classes of queueing model with impatient
customers, and define the notation in this paper. In Section 2.3, we outline some of the basics pertaining to expected
waiting times. In Sections 3.1 and 3.2, we outline a method by which to compute stationary probability for the number of
customers in different queues. Section 3.3 proposes a method by which to compute the probability of all servers being idle
at the same time. In Section 4.1, we analyze the expected waiting time in cases where service is provided and in cases of
abandonment for high- and low-priority customers under conditions of FCES. In Section 4.2, we analyze the expected
waiting times in cases where service is provided and in cases of abandonment for high-priority customers, and analyze the
expected waiting time for low-priority customers. In Section 5, we present numerical results. In Section 6, we draw
conclusions and indicate directions for future research.

2. PRELIMINARIES

2.1 Modeling

Consider a queueing model with two types of customer: important (high-priority) customers denoted as class-1, and
less important (low-priority) customers denoted as class-2.

In the following, we model a queueing system in which identical multi-servers attend to the two classes of impatient
customer. We adhere to the non-preemptive rule, in which a server can attend to a class-2 customer only when there is no
class-1 customer in the queue; and class-1 customers must wait for the completion of service for class-2 customers before
being served.

The proposed model depicted in Figure 1 comprises a finite-buffer queue for class-1 customers (queue-1), an infinite
buffer for class-2 customers (queue-2), as well as a set of s identical servers running in parallel. In cases where all servers ate
busy, newly arriving class-1 customers must wait in queue 1 and newly arriving class-2 customers must wait in queue-2. All
of the servers provide identical service rates to both types of customer and the system is conservative (i.e., no server is
forced to be idle when customers are waiting).

In the following we consider two cases of service: FCFS and LCFS. Class-i customers arrive at the queueing system
according to an independent Poisson process at the following rate: 4,i=1,2 The total artival rate is denoted by

A=4+4,.

Both classes of customer are assumed to be impatient, as follows. After entering a queue in which all servers are busy,
each arriving customer waits for a random length of time. If the service time exceeds the waiting time, the customer
abandons the queue. All customers are assumed to be lacking in memory of the previous queuing experience; therefore,
when service begins, they must wait again until the service is completed. We assume that class-i customers have
exponentially distributed time-to-abandon at rate §,,i =1,2.

We denote by EX* thek -th order moment of a given random variable X , fork >1. We also denote by fy (+) and

F, () the probability density function and the cumulative distribution function of X . Furthermore, we know that the 1st

order moment of a given random variable X is the expected value of X .
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Figure 1: A queueing model with two impatient customers
2.2 Notation

Below are some important notations in this paper and they will be used in later sections.
: a random variable, the unconditional total waiting time of an arbitrary customer in the queue.

w

W.: a random variable, the unconditional waiting time of a classi customer in the queue.

W, , :a random variable, the conditional waiting time of a class i customer, given that he will enter the service.
D; , : the probability that a class i customer in the service.

W, , :the conditional waiting time of a classi customer, given that he will abandon the service.

D; o : the probability that that a class i customer abandons the service.

W, arandom variable, the conditional waiting time of a class i customer, given that he has to wait.

p,, . the probability that a new arrival has to wait.

W,

¢ a random variable, the conditional waiting time of a classi customer, given that he has to wait, and he will enter
service.

Di,.s¢ the probability that a new arrival has to wait and he will enter service.

Q,: arandom variable, the unconditional numbers of class i customers in the queue-i .

A customer who does not abandon will necessarily enter the service, namely, we have p,  +p, . =1. A new customer

who waits in the queue has two choices: He ecither enters the service or abandons in the queue, thereby implying that
pi,w,s+pi,a :pw'

2.3 Expected waiting time

Because the arrival process is Poisson process, the probability of the new customer being class-i is 4, / A, where
A=A +4,.So, we have

EW =%EWl +%EW2.
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Because of p, ( + p; , =1, we obtain
EW, = p,EW, + P, EW,, .

When the new customer arrivals, he may either enter the service immediately or wait in the queue. So

EVVt = pWEW/i,W °

3. THE PROBABILITY OF NUMBER OF CUSTOMERS IN THE QUEUE

Denoted by n, (f) n,(t), ndn(f) the number of customers in the qeueu-1, the number of customers in qeueu-2, and
the total number of customers in both queues respectively, n(t) =n, () +n,(t) .

We assume that the maximum number of customers in the finite-buffer queue for class-1 is denoted by K .

In the long run, let (n,,n,) represent the system state and their possible tran- sitions be given in the following table.
Notice that , # 7, .

Table 1: System state transition rates

From To Rate Condition
(n,.n,) (n, +1,n,) A 0<nm<K-1, & n,20
(n,n) | (n,n,+1) A, 0<n <K, & n, 20

(m.m,) (n,—1n,) s-fm+n -y, 1<m <K, & n,20

(m.m,) (n,n,=1) | s-u+n,-p, n =0, &n,eN

(m.m,) (n,,n,—1) A n#0, & n,eN

3.1 Analysis of high-priorty customers

Borrowing the terminology from Jouini and Roubos [7], we have the stationary probability of number of high-priority
customers in this section. The stationary probability of number of customers in the service is denoted by p, , 1<k <s—1.

Thus p, is given by

The normalization condition gives
1

5

K o
Pt D 7, =1

k=0 k=0 j=0
where 77, ;is the stationary probability, k class-1 customers are in queue-1, and j class-2 customers are in queue-2, when all

servers are busy.

Let 77, (k) denote the stationary probability that all servers busy and there are k class-1 customers in queue-1. Summing

up all the states with respect to k , this system corresponding the M/M/s+M queue. The equation for class-1 leads to

T :%—kﬂ
1 (k) T Gai7) 1(0),

And we know that
7 (=2,
Applying 77, (k) to normalization condition we have |
Sprdm k) =1
o i

Also, it can be written as
1813-713X Copyright © 2016 ORSTW
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s=1 K /,l]k
P+ =7, (0)=1
k=0 k=0 Hj:l(s,u+]71)
By the above equation we obtain
s—1 K ﬂ'[k .
7 (0)=0-2p)Q =),
k=0 k=0 szl(s,u+]}/l)

Therefore we have the expected number of customers in queue-1 which is given by
K
EQ, =Y kx, (k).
k=1

Because of the queue-1 is finite, we have the blacking probability p, as follows:
s—1 K-1
P, = l—[Zpk +y7 (k)j
=0 =0
From Sarhangian and Balcioglu [14], p;  is given by
P =1 P = Py + [ f () dy = py + (1)
0

where f;(x) denoted the density function of the virtual waiting time for class-i customers and ];,(S) denoted the LSTs of
fi(x).
By Eq. (13) in Sarhangian and Balcioglu [14], the waiting time distribution of class-i customer in the queue is
PWi<x)=1-e " +e " F/(x),
where F;(x) denoted the cumulative distribution function of the virtual waiting time for class-i customers. And it has the

expected value

o . L= 7 ()= |
E‘/V; :J.P(va> x)dx: e*‘l,XI;;(x)dx: f;(%) Po :h

0 0 ;/1 7/1

=

So, we have

3.2 Analysis of low-priority customers

Letm, , denote the stationary distribution of{n1 (1),n,(2);0<n (1) <K,n, (1) 20, > 0} ,ie,

Ty :}EEP[’% (1)=k.ny(1)=j].

Based on the classification of the states, we derive the infinitesimal generator matrix Q for the QBD process as

_12Q,
o o)

We also define p,,k =0,1,2,---,5—1 be the probability that k customers is served, and denote p = (po, D ,---ps_l) .
We then have

follows:

also it can be written as

ﬂlr = pw’

T
whete 0 and 1°  denote a tow vector of zeros and column vector of ones. And Q,,k =1,2,3,4, can be shown as follows:
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-1 A 0 0 0
u —(A+pw) A1 0 0 0
Q=|: R : :
0 0 —A—=(s=2)u A
0 0 (s—=Du —A=(s=Du
whete Q, is § X5 matrix.
0 o0 0
0 o0 0
Q=i i i
0 o0 0
E 0 0
00 D
00 0
Q3 i EREEE :
[O 0 0 O
B, A O 0
C, B, A, 0 0
Q,={0 C B, A, 0 0
0 0 C, B, A, O 0
Each elements in Q, , forcis defined as follows:
Ry
p=|
0
and D is the (K +1)x1 column matrix.
E=[4 0 - 0],
and E is the IX(K + 1) row mattix.
40 0
0 4 0 0
A,=10 0 4 0|,
L0 0 4 |

where AJ. is(K +1)><(K+1) matrices forall j =1,2,---.
For brevity, we use the following simplified notation.
U, ==(su+ky+jr,+A+4).¥j=012,Vk=0,12,-
Ujx ==(su+Ky,+jr,+4),¥j =012,
And
T, =spu+ky,vj=0,12,--- K, o)

Then we have B ;jand C ; written as follows :
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U/.o ;{1 0
T1 U/_'1 ,11 0
0 T, in A e e 0
B, = 0 0 T, 0 - - :
TK—I U/'.K—l 2'l
00 0 T, U,|
[su+(j+1)7, 0 0
0 (j+1) 7, 0 0
0 0 j+1 o .. 0
C,= : | (J'.)Vz o 0|
. : . . . 0
L 0 0 ... 0 (j+1)7/2_

where B and C; are (K +1)x(K +1) square matrices.
We have the state(k,j) for0<k<Kand j=0,ie, (O, O),(l, O),---,(K, O),(O, 1),(1, 1),-'-
Letn'j andn'denoten'j =(ﬂo’j,ftl’j,'“,ﬂ,{’j)and?t=(71'0,71'1,"~,7tj,--'). Moreover, according to the matrix analytic

method, #; has a matrix-product form solution given by

m, = ﬂ(,IL[R(k),j 1.
The vector &, satisfies the following equations: .
DA+ P, [—/1+ (s —l)ﬂ} +7,D=0,
p, E+m,B,+7,C,=0.
Also, it can be written as
aD=-p A-p._, [—/1+(s—1),u],
7,(B, +R"C,)=-p,_E,
given p__,, p,_, and R"” we can obtain the unique solution of 7z, .
And{R(");n > 1} is the minimal nonnegative solution to the following system of
A +R"B +R"R"C =0,n>1,

where O is the matrix which each element is zeros.

So, if we obtain R" for all 2, then we have z; for j21.

3.2.1 Truncation point

In the previous section, the stationary distribution r, of our QBD process can be expressed by a matrix-product rate

R" . But R" has no explicit form. So, we can only compute 7T, as the approximate of r, for 0 <n < N, where N is the
truncation point of 7, .

We advance a method to compute N . For this truncation point N , we can obtain an approximate 7, . We need to
choose a number N by which the tail probability 7, is small enough to be neglected.

Because of our model is similar to an M/M/s queue, we can use the stationary probability expression in M/M/s model
to find N, such that the tail probability is small enough. Our model has arriving rate 4, and 4, , abandon rate 7, and 7, , and
the maximum service rate s X U .

Let

h=dt+h=Y =1
by usingx,s,,u in an M/M/s queue.
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We have

N:inf{n

1->p, < f},
=0
whete p, is the stationary probability of M/M/s queue, and ¢ we can chosen small enough.

3.2.2 Matrix-product rate

When the truncation point N is given, the stationary probability distribution can be obtained. Moreover, because of N
is chosen sufficiently large, so the probability after N is small enough that we can disregard. In this papet, we use a method

to compute R"in Proposition 1 and 2. Proposition 1 is borrowed from Proposition 1 in Phung-Duc et al. [13] and
proposition 2 is borrowed from Proposition 2.4 in Phung-Duc et al. [12].

Proposition 1. ez S denote a set of real square matrices of (N +1)X(N +1). We define G,: S — S as
G,(X)=A,(-B,-XC,) " ,n>1.
Then, the matrices R () Jor n 21 satisfies the following backward recursive equation.
R — G, (R("”))= G,°G, oG, o ,n2l,
where  f o g(-) = f(g(")) is the composition function.

This proposition tells that R" can be obtained for an infinite matrix composite. And the next proposition will provide

a method that converges to R"™

Proposition 2. If we define the matrix G for n>0and k=0 by
G" =0,
Gl(cn) = Gn (GIE'iJlrl)) == Gn OGn+l o.“OG

n+k—

(0),k=21L,n21,
then we have
imG" =R" n>1.
k—o0
The proposition means that G,fn) is the k-th order approximate of R" .1t also tells that we can obtain R" sufficiently

close by a faitly large k.

4. METHOD TO COMPUTE THE PROBABILITY OF ALL SERVERS IDLE

As the last section, the probability of p, can be given by M/M/s queue :
k

A
= —_— < < ¢—
Dy k!,uk Dy, 0k <s-1,

where p, is the probability of all servers idle.

In order to compute p, , we need a method to calculate p, . Moreover, we propose a proposition to compute pj, .

Proposition 3. If we define the probability x,, by

X, =1,
k

X, = wkxo,OSkSs—l,
k

x. =TTRVx 1<k<N,

and define

where X denote X = (xs,xm,---) .
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Then we have
=1 N -l
Py :(Zxk +Zxx+kej . @)
=0 =0
Proof. First, we know that
X, =1p, =1,
where p, is define before. Also, it can be written as
p,=t".
Second, we need to prove thatx, =tp,,k=0,1,2,---,s—land x_,, =tx, ,k=0,1,2,---,K. Cleatly, because of
k

= < < ¢—
X, k!ﬂkxO,O_k_s 1,
then we have
k
™
:tpk’

forallk =0,1,---,s—1.

The vector X is a solution from the equations
X, A+x, [—/1 +(s— l)ﬂ] +x, D=0,

x_E+xB,+x_,C,=0.

s+1

Also, it can be written as
XpoSH=H-p, ,A—p, I:—ﬂ-k(s—l)ﬂ]},
x, (B, +R"C,)=1(-p _E),
therefore we have
B t{-p, A= p [-A+(s=1)u]}
SH

it means that X =tm,.

By the matrix-product forms

then we have

k
Xork = t”oHR(n)
n=1

=tm, ,1<k<N.

Finally, we obtain

s—1 N
dx+>x e
k=0 k=0
s—1 N
= t(Zpk +ane]

k=0 k=0
=tx1
=t
Morteover,
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Po = !

51 N -1
_ (Zxk +Zxx+kej .
k=0 k=0
5. ANALYSIS OF QUEUEING DELAYS

Forn =1, ann-busy petiod is defined as the any point of time from the arriving customer to a busy M/M/s + M
system with 7 —1 waiting customers in the queue until the time at which one server becomes idle.

Moreover, the O-busy period is the classical busy-period definition defined to begin with the arriving customer to a
system with § —1 busy servers and end with one server becomes idle again.

Suppose there is only one class of customers where the artival rate is A , the abandonment rate ¥ and the service rate is

M . We denoted the length of ann - busy period by B

1.y » forn 2 1. The Laplace-Stieltjes transform of the pdf of B, , , by

I:ﬂBW (x) , is found from Eq. (1) of Iravani and Balcioglu [5] by substitutingl;l (x)=su/(x+su). We obtain

su o i i-1 sp sy .
+ -1 1- O(n,
- _ x+sp Z":‘( ) [Hio( x+s,u+j7ﬂx+s,u+i7 (1)

FB"'” (X) - A -1 Y7} '
1+ 27 -
e | (|

i (1} 2
u( " ],?I’SiSn,

with

N = A0 AR
Oli)= (=) A n
= IV t=J

And the 0-busy period in finite queue is given by

sl x A i1 sl sl
Yt s +Zil’y'|:Hj0(l_ . ]} .
. B 47 ity X+su+jy )| x+su+iy

F xX)= s
BO'A'V( ) 1+2K i I—IH - SU
=iy =0 xX+su+jy

In section 4.2, because our analyze the performance of class-1 that have ¥, abandon rate and 4, arrival rate, we assume

thaty =y and A =4, .
In section 5.1 and 5.2, our method is based on Jouini et al. [8], Jouini and Roubos [7], but we can use the matrix
geometric method to calculate the stationary probability with different abandonment rates §; # ¥, . Notice that the matrix

geometric approach can also compute the stationary probability for different service rates. Thus, it may compute the
conditional expected waiting time in robust settings.

5.1 Analysis of Modelrcrs

For high and low priority customers, we focus on the conditional probability of high-priority customers given served
and abandon, and also compute the expected waiting time in the queue for low-priority customers.

High-Priority Customers

In the follows, we use the k -th order moment of W, jand W, , to compute the expected waiting which it is 1-st moment
of W, ;and W, .

Consider the new class-1 customer arrival the system, and he find all servers busy, and n, waiting customers ahead in
queue-1. And the contrary case (at least one server idle), he will immediately enter the service.

The class-2 customers, because of theit low-ptiotity, will not affect the class-1 customers sojourn time. Using Jouini et
al. [8], Jouini and Roubos [7], we obtain

1 & .
E‘/Vlks = Zpl (n )an,HEYk ©)

n|+l"’
I,s m=0
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with

=

¥ = [1— n ]: L
boA SH+1Y, SH+m Y,

Y , a random wvariable, is the summation of n, independent exponental distributions with parameters st + 7,

n

SUA2Y,, -, s+ ny, . Its first moment is

EY, zi;

= 5/“*‘]71.

Consideting the EW, ,, the new class-1 customer atrival who find at least one server idle, the expected conditional

la»>

waiting time of class one customer given abandon. LetZ, ,, denote the random variable measuring her sojourn time in the

m+1

queue before abandonment. Removing the condition on n, , we obtain

l K
EW,,=—> p,(n)EZ,,,. 4)

La m=0

Secing the probability to abandon at position j, forl £ j < n,, we obtain

% ﬁ[l— % ]: no
SUA+ JY =i sp+1y, sp+ny,

Averaging over all possibilities, we have

EZ, =—" Bz (j).
S+ S
The expected value of Z, can be written as
Bz, = 5 Ik

n

su+ny, ;SﬂJrj%
Low-Priority Customers
For a new type 2 customer, we only focus on the expected waiting time. In the last few section, we have the
approximate of 77, .

Having 7, on hand, we can compute the expected queueing length for class-2 customer. Therefore, we obtain
EQ,=Yi-m 1",
i=1

T. . . .
where1" is the column vector with element 1. Also, because of the class-2 has infinite queue, so we have

E
Ew, =2

A

From the Eq.(11) in Sarhangian and Balcioglu [14], we have

J:xe’m [, (x)dx

Having the LST of f, (x) on hand, Eq. (5) can be compute by taking the derivate with respect to 7, .
Also, EW, , can be obtained by

EW, =

2,8

®)

Eu’Z = pZ,XEVVZ,x + p2,aEW2,a'

5.2 Analysis of Modelycks
High-Priority Customers

Approaching to compute the expected waiting time is base on their virtual waiting time. The virtual waiting time is
defined as the waiting time given that the customer has infinitely patient.

LetV, (t ) be the virtual waiting time of a class-i customer at time? with f; (x) as its density function. We define the

patience times by the random variable T .
We focus on the conditional waiting time of class-1 customer given served, and we obtain
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P(V, <1,V <T
FW (t) — ( 1 1 )

=<
fort=20.

Because of the discipline of setrvice is LCFS, class-1 customer already in the queue is not affect the waiting time. So the
conditional virtual waiting time given that the new customer has to wait is independent of the state, and denote it by V,
We have

‘/l = pw ' ‘/l,w’
Also, we have

P(‘/l <T):p1,s’

and
t

P(V,<1,V,<T)= je'”‘”fl (x)dx.
0
Therefore, a new class-1 customer finds at least one idle server will immediately enter the service with probability
1-p, . O, he finds all server busy.

Because of the conditional virtual waiting time is independent of the state. Thus we can write
t
p— —_ . —Nx
P(‘/l <t"/l <T)_(l pw) 1+pwJ.e fVm. (x)dx'
0
Taking the derivative with respect to t above, we obtain

Pu
i, (1) =, " Fon, (1)

Using the LST we gain

Applying the 1-st order moment

where g (k)(+) is the k -th derivative of g () .

Now, we focus on the conditional waiting time given abandonment.
Having that
P(T<1,V,>T)
By, (1) =—

P(V,>T)
We obtain
1 ’ !
FW, ) (t) = —{1 —e N — J.;/le_%«\ 1- p,t+ prBO : (x))dx},
. pl.a ! AN
Taking derivative with respect to t on both sides

fwm (l) — Pw% (e—}/]r _e—}ﬁtFBMM1 (l)),

l,a
Applying the LST, we obtain
~ pwg/l ~
F, (x)=—"21—(1-F, (x+7%)) (6)
OB eor)

Finally, taking the k -th order moment of W, ,, we obtain the expected conditional waiting time given abandonment.

l,a»
Low-Priority Customers

Using Jouini and Roubos [7], we know that the expected waiting time is unchanged for all work-conserving policies.
Cleatly, because the Markov chain is unchanged, so does the matrix Q . Then we know that 7, nn is same as before.

Having nn on hand, we can compute the expected queueing length for class-2 customer. Therefore, we obtain
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. T
:Zl-n',»l ,
i=1

T . . . .
where 1" is the column vector with element 1. Also, because of the class-2 has infinite queue, so we have
EQ,

EW, =

6. NUMERICAL RESULTS

In this section, we use numerical solutions to prove that our results are reasonable. First, we use the same conditions to
state that our solution is the same as the solution given in Eq. (2). Second, we use Eqgs.(3), (4), (6) and (7) to gain the useful
result.

6.1 Comparison the probability of all servers idle

In the Sarhangian and Balcioglu [14], it gives

s=1 i ﬁ, -l
D e ) AR

i=0 Jj=0 k=0

where g, (x) is the LST of B, ;, ,, with the complementary distribution function of an O-busy petiod. We make a comparison

between this PO and p0 in Eq. (2).
Assuming 4, =30,4, = 40,s=5,u= 15,K=15,¢= 10", Table 1 indicates that the difference between Py and

D, is less than 10—4, thereby demonstrating the accuracy of the proposed method. Moreover, an increase in the rate of

abandonment leads to a decrease in the number of customers in the system, which in turn increases the probability of all
servers being idle. This is a clear demonstration that these numerical results are reasonable.

Next, we focus on differences in setvice rates using a graph. It is clear that an increase in the setvice rate leads to a
reduction in the number of customers in the system, which increases the probability of all servers being idle. Figure 2 shows
that when the service rate increases, the probability of all servers being idle also increases.

Table 2: Difference between F, and p,

v v K Po v o kK Po v 1 K Po

5 5 00075 00075 |6 5 00076 00076 |7 5 0.0076  0.0076
6 00077 0.0077 6  0.0078  0.0078 6  0.0079  0.0079
7 0.0079  0.0079 7 0.0080  0.0080 7 0.0081  0.0081
8  0.0081  0.0081 8  0.0082  0.0082 8 0.0082  0.0082
9  0.0083  0.0083 9  0.0083  0.0083 9  0.0084  0.0084
10 0.0084  0.0084 10 0.0085  0.0085 10 0.0085  0.0085
11 0.0085  0.0085 11 0.008  0.0086 11 0.0087  0.0087
12 0.0087  0.0087 12 0.0087  0.0087 12 0.0088  0.0088
13 0.0088  0.0088 13 0.0088  0.0088 13 0.0089  0.0089
14 0.0089  0.0089 14 0.0089  0.0089 14 0.0090  0.0090
15 0.0090  0.0090 15 0.0090  0.0090 15 0.0091  0.0091

8 5 00077 00077 |10 5 0.0078 0.0078 |15 5  0.081  0.0081
6  0.0079 0.0079 6  0.0081  0.0081 6  0.0083  0.0083
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7 0.0081  0.0081 7 0.0082  0.0082 7 0.0085  0.0085
8  0.0083  0.0083 8  0.0084  0.0084 8  0.0086  0.0086
9  0.0085  0.0085 9  0.0086  0.0086 9  0.0088  0.0088
10 0.0086  0.0086 10 0.0087  0.0087 10 0.0089  0.0089
11 0.0087  0.0087 11 0.0088  0.0088 11 0.0090  0.0090
12 0.0088  0.0088 12 0.0089  0.0089 12 0.0091  0.0091
13 0.0089  0.0089 13 0.0090  0.0090 13 0.0092  0.0092
14 0.0090  0.0090 14 0.0091  0.0091 14 0.0093  0.0093
15 0.0091  0.0091 15 0.0092  0.0092 15 0.0094  0.0094
025 T T T T T T
02} > ]

QO /

o

=}

2 o15f / 1

()]

L

a //

B d

2 01fF -

2

[ /

Ko}

2 .

Q P
0.05F |

0 1 1 1 1 1 1
15 20 25 30 35 40 45 50
service rate u

Figure 2: Probability of all server idle with different service rate.
6.2 Comparison between FCFS and LCFS

The number of servers s is used as a variable in the numerical tests to determine the expected waiting times associated
with two service policies. It depicts the conditional expected waiting times of class-1 given service and abandonment of
customers in the same class in Figures 3 - 8. We begin by assigning the same rate of abandonment for both classes of
customer, and compare the expected waiting time computed by Jouini and Roubos [7]. The model presented by Jouini and
Roubos [7] assumes an infinite buffer for class-1 customers; howevet, we can stll petform a comparison with the proposed
model if we permit a sufficiently large buffer size for class-1 customers. Second, we assume that the rate of abandonment
differs between the two classes of customers. Comparing with Figures 4 and 6 (borrowed form Jouini and Roubos [7]), we
take Eqgs.(3), (4), (6) and (7) to compute the expected waiting time in order to verify our model that are shown in Figures 3
and 5. Figure 3 shows that our numerical results are close to those presented by Jouini and Roubos [7]; therefore, it would
be reasonable to describe the proposed model and computer code as valid. The error that does exist can be attributed to the
difference in the size of the buffer queue for class-1 customers. For the single- class M/M/s+M queue, the conditional
expected waiting for those given service in FCES is greater than that under LCFS policy that was demonstrated by Jouini et
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al. [8]. Also, the conditional waiting time for those who abandon the queue in LCFS is greater than FCES. These results are
easily extended to our models in Figure 7 and Figure 8, wherein a doubling in the arrival rate affects only the conditional
expected waiting time and the property does not change.

We present the Central Processing Unit (CPU) time for the expected waiting time with different s in Figure 9. The
computing times under FCFS and LCFS are significantly different. This is due to using Eqs.(3) and (4) for FCFS while using
Eqs.(6) and (7) for LCES. Cleatly, because of the matrix dimensions, we waste a lot of time in matrix calculation. Therefore,
the future research can be shorten the calculation time.

07 ° . T T T T T
. EWH.FCFS
e 8 EATR A _EW,‘a.FCFS .
\ b
‘\ .......... Ewu,LCFS
\
g% . = —
2
= 04 -
ge
903 I
3}
(]
Q.
x
© 0.2 -
0.1 -
! 1 1 L ! ! l

2 < 6 8 10 12 14

number of server s
Figure 3: Expected waiting time given service and abandonment. (¥, =, =054, =4, =s/2,u=1)
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Figure 4: Expected waiting time given service and abandonment in Jouini and Roubos [7].
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Figure 5: Expected waiting time given service and abandonment. (}, =%, =LA =4, =s/2,u=1)
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Figure 6: Expected waiting time given service and abandonment in Jouini and Roubos [7].
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Figure 7: Expected waiting time given service and abandonment. (K =15,6 =107, u=5,9,=3,7, =5,4, =10, 4, =2s)
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Figure 8: Expected waiting time given service and abandonment. (K =15, =107, u=5,7, =3,7, =5,4, =10, 4, =4s)
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Figure 9: CPU time to compute the conditional expected waiting time in Figure 8.
(K=15,e=10"" 4=5,%=3,7, =54 =10,4, =4s)

7. CONCLUSION
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This paper considers a system of multi-server queues with two classes of impatient customer: high-priority and
low-priority. Customers join the system according to a Poisson process and customers may abandon service after entering
the queue for an exponentially distributed duration with distinct rates. First, we developed a method by which to compute
the probability of all servers being idle. Next, we continue to compute the stationary probability of number of customers in
both classes in order to derive the expected waiting time for both classes of customers. This paper investigate the expected
waiting time of both classes customers with different impatient rates under LCFS and FCFS. We also propose the method
to compute the stationary probability of number of customers in both classes in order to derive the expected waiting time
for both classes of customers. For high-priority customers, we developed performance measures related to queueing times
and conditional waiting times in cases where service is provided and cases of abandonment.

Because it is complicated to analyze the waiting behavior of low-priority customrers which is beyond the scope of the
paper and is not discussed in the paper. Future research will be aimed at determining conditional waiting times for
low-priority customers in cases where service is provided and in cases of abandonment. Researchers could also examine this
model in cases whete the two classes of customer differ with regard to service rates.
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