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Abstract: This paper deals with the modelling and enhancement of availability of hybrid system containing three
subsystems I, IT and III. Subsystems I and III each has two processors while subsystem II has two unit in active parallel
system. Subsystem I is linked to unit I while subsystem II is linked to unit II for the smooth operation of the system. It
is assumed that time-to-failure and the time-to-repair of the unit and processors are exponentially distributed. Explicit
expression for the system availability is developed using the system state transition diagram and differential difference
equations. Graphical illustrations ate given to highlight impact of failure rate on availability for different repair scenarios
and vice vasa. The results have shown that availability can be enhanced with minor failure and major repair.
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1. INTRODUCTION

Redundancy, repair, inspection and replacement are techniques used to improve system reliability, availability, production
output and generated revenue. Redundancy is a technique for increasing system effectiveness by reducing failure and
maintenance cost. Provision of standby unit is vital towards achieving high reliability. System reliability is improved
through a standby unit support which is capable of performing similar function with the operational unit but with
different degree and desirability. Cold standby redundancy is a form of redundancy used to raise the system availability
Sinaki (1994). Space exploration and satellite systems, manufacturing textile and carbon recovery systems used in
fertilizer are some of the systems that uses cold standby redundancy to achieve high system reliability and availability
[see for instance Sinaki (1994), Pandey, Jacob, and Yadav (1996), Kumar, Kumar, and N.P. (1996) and some reference
therein] . Many researchers have identified maintenance models for enhancing reliability and availability, reducing
operating costs and the risk of a catastrophic breakdown of different systems. Garg and Sharma (2012a), Garg and
Sharma (2012b) analyzed the performance of synthesis unit and urea decomposition system in fertilizer plant. Garg,
Rani, and Sharma. (2013) studied preventive maintenance scheduling of the pulping unit in a paper plant. Niwas and
Garg (2018) presents an approach for the analysis of reliability and profit of an industrial system under free warranty
policy. Garg (2015) and Garg (20106) analyzed the reliability of series-parallel system using credibility and fuzzy numbers
and fuzzy Kolmogrov’s differential equations respectively. Garg (2014) analyzed approaches to reliability, availability
and maintainability of industrial systems.

Extensive researches have been carried out on reliability analysis for systems that cannot work without the aid of
supporting device. Singh, Singh, Ram, and Goel (2012) dealt with comparison of some reliability characteristics between
redundant systems requiring supporting units for their operations. Yusuf (2013) performed a comparative analysis of
some reliability characteristics between redundant systems requiring supporting units for their operations. Yusuf and
Bala (2013) studied Analysis of reliability characteristics of a parallel system with external supporting devices for op-
eration. Yusuf, Yusuf, and Lawan (2014) studied Reliability modelling and analysis of redundant systems connected
to supporting external device for operation attended by a repairman and repairable service station. Yusuf, Babagana,
Yusuf, and Lawan (2016) studied Reliability analysis of a linear consecutive 2-out-of-3 system in the Presence of sup-
porting device and repairable service station while Yusuf (2016) studied reliability modelling of a parallel system with
a supporting device and two types of preventive maintenance. While the following investigates mean time to system
failure and cost of repairing systems with repair policies. Fagge, Ali, and Yusuf (2016) presents the mean time to system
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failure assessment of a single unit system connected to two types of redundant supporting devices for operation under
the assumption that the unit always works with both types of supporting devices. Fagge, Yusuf, and Ali (2017) presents
availability evaluation of a single unit system connected to two types of redundant supporting devices for operation.
Yusuf and Fagge (2017) deal with evaluation of some reliability characteristics of a single unit system connected to
two types of redundant supporting devices for operation. Singh et al. (2012) studied the availability, MTTF and Cost
Analysis of a system having Two Units in Series Configuration with Controller. Singh and Rawal (2014) discussed the
availability, MTTF and cost analysis of complex system under Preemptive resume repair policy using copula distribu-
tion. In this paper, two units active parallel system with two types of dissimilar cold standby processors for operation
is considered and derived its corresponding mathematical model. Furthermore, we study the system availability of the
proposed system using differential difference equations. The focus of our analysis is primarily to capture the effect
of both hardware and software failure and repair rates on availability. Example such system can be seen in computer
systems, Telecom systems, oil refineries, food processing plants, chemical process plant, etc. The organization of the
paper is as follows. Section 2 contains a description of the system under study. Section 3 presents formulations of
the models. The results of our numerical simulations are presented and discussed in section 4. Finally, we make some
concluding remarks in Section 5.

2. DESCRIPTION OF THE SYSTEM

The system composed of three subsystems I, I and III. Subsystem I has two identical units, unit I and unit II in active
parallel. Subsystems I and III each has two processors P; and P which support the units I and II for the system
operation as shown in Figure 1 below. Each unit is connected to P; and P». Each of the device P, and Ps fails
with exponential failure distribution with parameter A; and Ao , exponential repair distribution with parameter (11 and
o tespectively. When one of the P fails, which occurs with failure rate Ay, it is repaired with the rate p1 and the
corresponding P» then carties out the function of the failed P;. When both P; and P, on the same unit fails, the
unit is resting and the other unit will continue operating with its Py and P, devices in a manner desctibed above. It is
assumed that switching from standby to operation is perfect. System failure results from the failure of two unit or both
types of supporting devices. System failure occurred when both units or P; and Ps have failed.

Processor I~ Processor II -

Ll_l

Processor I~ Processor [T

Figure 1: Reliability block diagram of the system
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Figure 2: Transition diagram of the system

Table 1: State of the system

State Description of the System Components System Status
UnitI | ProcessorI | Processor II | UnitII | ProcessorI | Processor II
So | Wotking | Working Standby Working | Working Standby Operational
S Failed Resting Standby Working Working Standby Operational
So Failed Resting Standby Failed Resting Standby Down
S3 | Working Failed Working Working | Working Standby Operational
Ss | Working Failed Working Working Failed Working Operational
S Working Failed Working Resting Failed Failed Operational
Se Resting Failed Failed Resting Failed Failed Down
S7 | Wotking Failed Working Failed Resting Resting Down
Ss Failed Failed Resting Failed Failed Resting Down
So Failed Failed Failed Failed Failed Resting Down
S10 | Working Failed Working Failed Failed Resting Operational
S11 Failed Failed Resting Failed Failed Resting Down
S12 Failed Failed Resting Resting Failed Failed Down
S13 Failed Failed Resting Failed Failed Resting Down

3. FORMULATION OF THE MODEL

The corresponding differential difference equations associated with the transition diagram in Figure 2 are:

dt
d

dt
d

dt
d

d

dt
d

dt
d

dt
d

d
d

d
d

d

—pa(t) = —pzp2(t) + Azpi(t)

—pe(t) = —p2pe(t) + Aaps(t)

*tps(t) = —pi2ps(t) + A2pr(t)

—tpg(t) = —p3po(t) + Aspr(t)

E]90(15) = —(2X3 +2\)po(t) + pap1(t) + paps(t)

—p1(t) = —(As + A1+ p3)p1(t) + 2A3po(t) + pap2(t) + papz(t)

*tp3(t) = —(2X3 + A1 + p1)ps(t) + 2A1po(t) + pipa(t) + pspr(t)
d
—pa(t) = —(2X3 + 2 2 + p1)ps(t) + 2X1ps(t) + peps(t) + papio(t)

—p5(t) = —(A3 + A2 + p2)ps(t) + 2A2pa(t) + p2pe(t) + paprs(t)

*tp7(t) = —(A3 + Ao+ pz + p1)pr(t) + Aip1(t) + 2X3p3(t) + pops(t) + papo(t)
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%plo(t) = —(As + A2 + p3)pro(t) + 2A3pa(t) + pp1l(t) + papr2(t)

%pu(t) = —uzp11(t) + A3p1o(t)

%Plz(t) = —p2p12(t) + A2p1o(t)

%PB(t) = —pap13(t) + Aspr () K

The initial condition for in this study is:

1, i=0
pi(o)_{o, i=1,2,3--,13 @

The differential difference equation in (1) above is expressed as

(*) —q pm 0 om0 0 0 0 0 0 0 0 0 0
210 2 -@ w3 0O 0 0O 0 qm O 0 0O 0O 0 0
pa(t) O X —u3 O O O 0O 0 0 0 0 0 0 0
p3(t) 24 0 0 —g m O 0 wu O 0 O 0 0 0
Py (t) 0 0 0 XN —g3 p2 O 0 0 0 pu3 O 0 0
ps(t) 0 0 0 0 2Xx —q p 0 0 0 0 0 0 s
ps® | [ 0 0o o 0o 0 X - 0O 0O 0 0 0 0 0
p;(t) o 0 A1 0 23 0 0 0 —qQ5 M2 n3 0 0 0 0
pa(t) o 0 0 0 0 0 0 X —pz 0 0 0 0 0
o(t) O 0 0 0 0 0 0 X3 0 —p3 O 0 0 0
pllo(t) 0 0 0 0 2A3 0 0 0 0 0 —d(e6 H3 M2 0
V) O 0 0 0 0 0 0 0 0 0 X3 —p3 O 0
11 o 0 0 0 0 0 0 0 0 0 X 0 —pp O
Pia(?) o 0 0 0 0 A O 0 0 0 0 0 0 —pu
p13(t)
3)
Where go = (2A3 +2A1), @1 = (A3 4+ A1 +pu3), g = A3+ A1 +pu1), g3 = (2A3+ 2 2 + 1),
=3+ X+ p2), =3+ Xa+pus+p1), go= A3+ A2+ p3)
From Figure 2, the steady-state availability of the system is given by
Ay (00) = po(00) + p1(00) 4 p3(00) + pa(o0) + ps(00) + pr(00) + p1o(c0) @
In the steady state, (3) is now
—q w3 0 pp 0 0 0 0 0 0 0 0 0 0 po(t)
20 —¢ s 0 0 0 0 w0 0 0 0 0 0 p1(t)
0 X —pu3 0O 0 0 0 0 0 0 0 0 0 0 p2()
20, 0 0 —q@ m O 0 us O 0 0 0 0 0 p3(t)
0 0 0 )\1 —qs 175) 0 0 0 0 1253 0 0 0 p4(t)
0 0 0 0 2/\2 —qa 125) 0 0 0 0 0 0 H3 P5 (t)
0 0 0 0 0 X —pp O 0 0 0 0 0 0 pe(t)
0 X 0 2\ 0 0 0 —q5 po pg O 0 0 0 pr(t)
0 0 0 0 0 0 0 X —p2 O 0 0 0 0 ps(t)
o 0 0 0 0 0 0 X O —pu3 O 0 0 0 po(t)
0 0 0 0 2\3 O 0 0 0 0  —qgs s o 0 P1o(t)
0 0 0 0 0 0 0 0 0 0 X3 —p3 O 0 p11(t)
0 0 0 0 0 0 0 0 0 0 X 0 —py O p12(t)
0 0 0 0 0 X3 0 0 0 0 0 0 0 —us p13(t)
©)
Combining (5) with the following normalizing conditions:
13
> pr(oo) =1 ©)
k=0
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to give

—q mz 0 pu 0 0 0 0 0 0 0 0 0 0 po(t)

223 - ps O 0O 0 0 4 O O O 0 0 O pa(t)
0 X —ps O 0O O 0 0 0 0 0 0 0 0 p2(t)

2)\1 0 0 —q2 1251 0 0 M3 0 0 0 0 0 0 Ps3 (t)
0 0 0 X —gz p2 O 0 0 0 w0 0 0 pa(t)
0 0 0 0 2/\2 —qa 125) 0 0 0 0 0 0 H3 Ps (t)
0 0 0 0 0 X —pg O 0 0 0 0 0 0 pe(t) |
0 M 0 2x3 0 0 0 —g5 p2 u3 0 0 0 0 p7(t) -
0o 0 0 0 0 0 0 X —pmw O 0 0 0 0 ps(t)
0 0 0 0O 0 0 0 X3 0 —pug O 0 0 0 po(t)
0 0 0 0 2X\3 O 0 0 0 0 —g wps w2 O p1o(t)
0 0 0 0 0 0 0 0 0 0 X —p3 0 0 p11(t)
0 0 0 0 0 0 0 0 0 0 X 0 —puy O p12(t)
11 1 11 1 1 1 1 1 1 1 11 p13(t)

)

and solving (7) using MATLAB package so as to obtain the state probabilities pi,(00) which enable the derivation of
(4) above as Ay (00) = g—g where

No =p3pspa(pn + ps + Ax + 2Xs) + 2pa p3p3 A (1 + p3 4+ A+ As) + 203377 (11 + 13 + A1 + As)

+ dpop3 AT Ao (1 + 3 4+ A1+ As) + 25 s A As (11 + ps + AL+ As) + ApdpsAiAs (i + ps + A+ As)
Do =4popz AT Ag + 4p3ATN5 + 4psATA] + 4p3ATAS + 4popBATA + 653 AT As + 8uiusATA] + 4usATA3

+ 20 P53 + AT papiAs 4 6pTpspa s + AT NS + A s AT + 2uapaia A + Apspa AT Ns + 3pd s

+ Ap3AINS + 268 3 s s 4 16023 AT A0 Ns + 2002130 A2 A3 + 120003 AT Ao Ag + Apta 2 p3 A1 Ao

+ A paps A A2 A3 + 8o AT AAS + 1601 papis AT A2 As + 81 pa\f Ao A3 + 203 BNT + 203 ST + 3

+ a3 4 8psATASAs + 61 3 p3 M Ag + 81 p3ps i As + B s M A3 + A s M AS + 8ua AT A3

+ 1205ATA3As + BusATAIAS + 207 papis A AoAs + 613 3 s A As + 63 3 A A5 + 4 p3ATAS

+ 81 s ATAS A3 + dpta propi3 AT A2 + 81 p3 s AT Az + 8 p3ATA3

4. NUMERICAL EXAMPLE AND DISCUSSION

To validate the model, this section provide numerical example using MATLAB package by considering the following
parameter values for consistency:
H1 = 012, Mo = 01, M3 = 03, )\1 == 02, )\2 =0.1 and )\3 =0.2

In this section, failure or repair is
(i) Minor whenever 1, A; < 0.5
(i) Medium whenever 1, A; = 0.5
(ili) Major whenever fi;, A; > 0.5

In Figure 2, po = 0,1,u3 = 0.3, A2 = 0.1 and A3 = 0.2 are fixed and vary \; € [0, 1] for different values of
p1 €10.1:0.4:0.9] and vary p1 € [0, 1] for different values of Ay € [0.1: 0.4 : 0.9] in Figure 3.
In Figure 4,1 = 0.12 ,u3 = 0.3 ,A; = 0.2 and A3 = 0.2 are fixed and vary Ay € [0, 1] for different values of
p2 € [0.1:0.4:0.9] and vary pz € [0, 1] for different values of Ap € [0.1: 0.4 : 0.9] in Figure 5.
In Figure 6,u2 = 0.1 ,u1 = 0.12 A2 = 0.1 and Ay = 0.2 are fixed and vary A3 € [0, 1] for different values of
ps € [0.1:0.4:0.9] and vary pq € [0, 1] for different values of A3 € [0.1 : 0.4 : 0.9] in Figure 7.

Simulations depicted in Figures 3, 5 and 7 displayed the impact of A1 , A2 and A3 on availability for different
values of (11 , p2 and p3 respectively. From these figures, availability decreases whenever A; , j = 1,2, 3 increase. It
is observed from the figures that availability is less for minor repair u; = 0.1 , moderate for medium repair u; = 0.5
and higher for major repair u; = 0.9 . From these simulations, it is worthwhile if every failure is treated with perfect
repair to revert the system to its position when new. On the other hand, graphs presented in Figures 4, 6 and 8 depicts
the impact of i1 , 2 and ps on availability for different values of A1 , Ay and A3 trespectively. From these graphs,
availability increases as each p; increase different values of A1 , A2 and A3 respectively. Though availability increases in
these graphs, it is less for A; = 0.9, moderate for A; = 0.5 and higher for A\; = 0.1.
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Figure 3: Availability against A1 for different values of p; € [0.1:0.4 : 0.9]
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Figure 4: Availability against 111 for different values of A2 € [0.1: 0.4 : 0.9]
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Figure 7: Availability against A3 for different values of pz € [0.1: 0.4 : 0.9]
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From the simulations presented in this section, it is suggested that adequate maintenance action should be intro-
duced to prevent the occurrence of major failure and adoption of perfect repair return the system to its position when

new.

My

Figure 9: Sutface plot of Availability against f4; and A\q
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Figure 10: Sutface plot of Availability against pio and Ao
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Figure 11: Sutface plot of Availability against pt3 and As

The surface plots in Figures 9, 10 and 11 displayed the trend of availability against failure and repair rates. In these

figures, availability increases with increase in ft; and A; decreases as increase.
This sensitivity analyses implies that maintenance strategies be adopted to keep the system strong, improve and

maximize the system availability as well as production output.
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5. CONCLUSION

This paper studied a hybrid system containing three subsystems I, II and III. Subsystem I is linked to unit I while
subsystem 11 is linked to unit II for the operation of the system. Subsystem II has two units in active parallel system.
Explicit expression for the steady-state availability is derived. The system is studied for different failure and repair
scenarios. Failure and repair scenarios are assumed to be minor, medium or major. Impact of failure rate on availability
for different repair scenario is studied in which the system availability is better when the repair is major. On the other
hand, impact of repair rate on system availability is studied for different failure scenario in which availability is better
with minor failure. From the simulations presented in the study, it can be concluded that maintenance strategies that
will keep the system as failure free should be invoked to maximize availability, product quality, and output and revenue
generation. The present work can be extended further for a system to connect to multi standby devices.

REFERENCES

Fagge, N., Ali, U,, & Yusuf, I. (2016). Mean time to system failure assessment of a single unit system requiring two
types of supporting device for operation. Relability theory and Application, 11(3), 59-65.

Fagge, N, Yusuf, 1., & Ali, U. (2017). Availability evaluation of repairable system requiring two types of supporting
device for operations. International Journal of applied Mathematics Research, 6(1), 14-19.

Garg, H. (2014). Reliability, availability and maintainability analysis of industrial systems using pso and fuzzy method-
ology. MAPAN, 29(2), 115-129.

Garg, H. (2015). An approach for analyzing the reliability of industrial system using fuzzy kolmogrov’s differential
equations. Arabian Journal for Science and Engineering, 40(3), 975-987.

Garg, H. (2016). A novel approach for analyzing the reliability of series-parallel system using credibility theory and
different types of intuitionistic fuzzy numbers. Journal of the Brazilian Society of Mechanical Sciences and Engineering, 38(3),
1021-1035.

Garg, H., Rani, M., & Sharma., S. (2013). Preventive maintenance scheduling of the pulping unit in a paper plant. Japan
Journal of Industrial and Applied Mathematics, 30(2), 397-414.

Garg, H., & Sharma, S. (2012a). Behavior analysis of synthesis unit in fertilizer plant. International Journal of Quality and
Reliability Management, 29(2), 217-232.

Garg, H., & Sharma, S. (2012b). A two phase approach for reliability and maintenability analysis of an industrial system,
international journal of reliability. Quality and Safety Engineering, 19(3).

Kumar, S., Kumar, D., & N.P., M. (1996). Behavioral analysis of shell gasification and carbon recovery process in a urea
fertilizer plant. Microelectron Reliab, 36(671-3).

Niwas, R., & Garg, H. (2018). An approach for analyzing the reliability and profit of an industrial system based on the
cost free warranty policy. Journal of the Bragilian Society of Mechanical Sciences and Engineering, 40(265).

Pandey, D,, Jacob, M., & Yadav, J. (1996). Reliability analysis of a powerloom plant with cold standby for its strategic
unit. Microelectron Reliab, 36(115-9).

Sinaki, G. (1994). Ultra-reliable fanlt tolerant inertial reference unit for spacecraft, in: Proceedings of the annual rocky monntain gnidance
and control conference. San Diego: CA: Univelt Inc.

Singh, V., & Rawal, D. (2014). Availability, mttf and cost analysis of complex system under pre emptive resume repair
policy using copula distribution. Pak.j.stat.oper.res, X (3), 299-312.

Singh, V., Singh, S. B., Ram, M. ., & Goel, C. (2012). Availability, mttf and cost analysis of a system having two units in
series configuration with controller. Inzernational Journal of System Assurance Engineering and Management, 4(4), 341-352.

Yusuf, I. (2013). Comparison of some reliability characteristics between redundant systems requiring supporting units
for their operations. Journal of Mathematical and Computational Sciences, 3(1), 216-232.

Yusuf, I. (2016). Reliability modelling of a parallel system with a supporting device and two types preventive mainte-
nance. International journal of operational Research, 25(3), 269-287.

Yusuf, 1., Babagana, M., Yusuf, B., & Lawan, M. (2016). Reliability analysis of a linear consecutive 2-out-of-3 system in
the presence of supporting device and repairable service station. International Journal of operation research, 13(1), 13-24.

Yusuf, I., & Bala, S. (2013). Analysis of stochastic reliability characteristics of a system using standby external supporting
device for its operation. International Journal of Information and Management Sciences, 24, 297-3006.

Yusuf, I., & Fagge, N. (2017). Evaluation of some reliability characteristics of a single unit system requiring two types
of supporting device for operations. Application and Applied Mathematics, 12(2), 803-812.

Yusuf, I, Yusuf, B., & Lawan, M. (2014). Mathematical modelling approach to analyzing mean time to system failure
of two unit cold standby system with a supporting device and repairable service station. Open Journal of Mathematical
Modelling,, 2(2), 7-15.

1813-713X Copyright © 2021 ORSTW



	Introduction
	DESCRIPTION OF THE SYSTEM
	FORMULATION OF THE MODEL
	NUMERICAL EXAMPLE AND DISCUSSION
	Conclusion

