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Abstract—An embedded Markov chain is used to analyze a G/M/1 queuing system with N policy. When the system is
empty, the server remains idle (deactivates) and does not start serving the waiting customers in the queue until the number

of arrivals reaches N. The service is performed in batches of min(z, N) if there are # customers waiting at the completion

of service. Service times of the server depend on the batch sizes. We utilize the matrix-geometric method in the solution

procedure and solve the stationary probabilities of the number of customers in the system by means of simultaneous linear

equations. We further obtain a number of explicit and computationally tractable results such as mean queue length and

mean waiting time in the queue. A numerical example illustrates the validation of the solution procedure.

Keywords—Bulk service, Bontrol policy, Queue, Waiting time distribution

1. INTRODUCTION

The N policy applied to queueing system was originally
considered by Yadin and Naor (1963). The N policy
M/G/1 queueing system was first studied by Heyman
(1968) and was investigated by several researchers such as
Bell (1971, 1972), Kimura (1981), Tijms (1986), Teghem

(1987), Gakis et al. (1995), Wang and Ke (2000), and others.

Recently, Wang and Yen (2003) derived the analytical
steady-state tesults for the N policy M/Hi/1 queucing
system.

A general bulk-service queue was first introduced by
Neuts (1967). He considered an ordinary M/G/1 queue
with bulk-service. The bulk-service rule is applied as
follows; let there be # customers waiting at the completion
of a service. If 0<#<a, a group of size # gets service
and if # > b, a group of size b is served. Neuts (1979)
examined model by Neuts (1967) deriving queue length
distribution. Curry and Feldman (1985)
bulk-service M/M®Pl/1 queue with service rate depending
on its service bulk size. They derived the distribution of
the number of customers in service as well as in the queue

treated a

through the matrix geometric solution procedure by Neuts
(1981). Two good references on the subject are the books
of Chaudhry and Templeton (1984) and Medhi (1984).
Recently, Laxmi and Gupta (1999) investigated finite-buffer
bulk-service G/MIPI/1  queueing system using the
supplementary variable technique. Baba (1996) used matrix
geometric solution procedure to study the ordinary
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G/MIb/1 queueing system with bulk-service rule and
service rate depending on its service size.

In this papet we study a bulk-service G/M/1 queueing
system, in which the server operates N policy and service
rates depending on his service bulk size. The results are
more general than those of Baba (1996). The arrivals occur
according to a renewal process with interarrival time
distribution 4(#) of finite mean 1/ and Laplace-Stieltjes
transform (LST) A(s). The successive interarrival time
random variables are denoted by 4. The server deactivates
whenever the system is empty. As soon as there are N
customers queued in the system, the server reactivates to
begin serving the waiting customers until the system is
empty. Customers are served in batches, the sizes of which
are not greater than N (i.e,, the server can serve in batches
of min(n, N) at a time) and they are taken to services in the
same order as they arrives. Service times depend on the
batch sizes. The service times of successive batches are
mutually independent. The distribution function of service
time H; of a batch size ; (1< ;< N) follows an

exponential distribution with mean 1/ M Further assume

that u, # u, when /#4k.

As a practical application fitting our general model is the
following produce to order system for a product which
based on the work of Zhang et al. (2001). Assume that the
interarrival times of production orders follow a general
distribution. It is desirable that the production begins
whenever the number of orders reaches a critical value N
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(the minimum set-up lot size satisfied benefit). In other
words, if the number of orders is less than N the
production waits until the accumulated orders are reached
N. The management policy is to set up the facility and
begins production when there are IN orders in the queue.
Arriving production orders form a single waiting line at the
facility based on the order of their arrival. When 7 orders
present in the queue after beginning production, the facility
processes min(z, N) orders at a time, which its production
(processing) time follows an exponential distribution with
rate u,. Whenever the production ends and no orders
arrive, the production facility is shut down (turned off).
The tuned-off period of the facility may be referred to
machine maintenances and other secondary works.
Another interesting examples of bulk service can be found
in the operation of an unscheduled car ferry or a single
ground floor station of an elevator, or the control of a
traffic flow (Neuts, 1967).

The purpose of this paper is threefold. The first is to
show the queue size and the service batch size at points of
arrivals form an embedded Markov chain. The second is to
present the matrix geometric form for the steady-state
probabilities of this Markov chain. The third is to develop
explicit analytic expressions for the steady-state queue
length distribution at points of arrivals as well as the LST
of the stationary waiting time distribution of an arbitrary
customet.

2. EMBEDDED MARKOV CHAIN

We consider a N policy G/M/1 queueing system with
service rates depending on its service batch size. Suppose
that I, denotes the queue length immediately prior to the

r~th arrival and L, the number of customers in service
immediately prior to the r~th arrivals, respectively. Further,
suppose that 7T, denotes the time between (r—1)st and

r~th arrivals. For convenience, we choose the time origin at
an epoch of arrival and set 7, =0. Then, it is easily seen

{U,,7,):0<r< N} and
{U,,L,,7,):0<r} are two Markovian renewal sequences
spaces  {(7,):0<7/ <N, 20} and
{G, £, £):0<4, 1<l < N, ¢t 20}, respectively.

Because the service time have memoryless property, we

that  the  sequences

on the state

have
a,=PdH, > A= jo A = A (), (1)

where A"( M) besides being the LST of the interartival

time, also represents the probability that a service is longer
than an interarrival.

Let b,, /=12, ..., N;{=0,1, ..;7=12, ...,
N) be the probability that when the customers of batch

size j are served immediately prior to an arrival, the service
of batch size j finishes, the service of batch size N finishes
{ times and the customers of batch size 7 are served
immediately prior to next arrival. It follows from
APPENDIX A that we have

Casel: i=,=N,

_ “ (:l’l:\ff)/ NG
) SIS AA), forl 21 ®)
Case2: 1</<N-1 and ;=N,

14
b\ = dA(;)L T (ENX) i g

LN 0 0 N ’ (3)
for (20
Case3: 1< /<N-1 and /=N,
by, = fw dA(t)r gy ) u) ¢ dx
N o 0 K Yal ’ “
for (20
Case4: 1</=,;<N-1,
bios = [ wte M dAG), for £=0 ©)
f (uy)"
_ [~ —it N\ NINT) (N )X
bios = |y st A =) G e,
for /21
Case5: 1<i/# j<N-1,
© t —UX g (f—x
bio, :J.” dA(2) , Mt B e, for £=0 @)
— * ! (:uNX)/il —UNX
by, =), 4A®)), Bx -1 .

x = “H *H,(/*Xi)‘)d for {>1
, M e dy, for £ >1.

Equation (2) to (8) can be calculated using a readily
computable form. For example, (5) is equivalent to

hz,(),i =—H; A" ()

The transition probability matrix P of the embedded
Markov chain {I ,r=0}U{(,,L,),» =0}, displayed for
N =3, is then of the form as
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We see that, in general, for the present model, the square
matrices are given

a4
a,
a3
a
4
A= ,
IN-2
N
ay
1 2 th
1 bi g1
2 biva
: b.
. A3
and B;) == ' >
' b
i 04
h/‘,(’,,x‘\"

where A is a NXN square matrix with @, = A" (W,)
(1<7<N), B,(1<i<N, £20) are NXN
matrices with nonzero elements only in the zth column,

b,/ = (b,,m’bi,/,z;b,/,sa'"ab,,/,;\r )la the

i 7

square

appropriate
dimensional column vectors ¢, are determined to satisfy
that each row sum of P is equal to unity and they are

assumed to zero in blank of matrices. Furthermore, let
1=(1,0, 0, ..., 0) bea N-dimensional row vector and
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=
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Using the results of Neuts (1981), it is trivial to obtain
the equilibtium condition p=A/(Np,)<1. In this case,
the Markov chain represented by the transition matrix P
is positive recurrent.

Let g = (o, p1, -+, pN-1, Q15 G2, -+, QN1 N, N+, ---) be
the steady-state probability vector of P . That is, q is the
solution to q’3 =q,qe =1.Notethat p, (=0,1,2,...,
N—1) are the steady-state probabilities corresponding to
state 7 when the server is idle, and the vectors of order N,
q, (=1, 2, --+), are the steady-state probability vectors
corresponding to the states {(7,1), ---, (,N)} when the
server is working. q; is
(%,1: Gios o q,,;\r)'

Applying the results of Neuts (1981) and Baba (1996),
when A < Np,, we have

partitioned as q; =

g, =q R, forn=N,N+1,N+2,, (10)

where the sub rate matrix R is now the minimal
nonnegative solution to the equation
o0
_ nN
R=A+Y R™B, ., 11)
n=1
where
4 i
a, n
a; 73
a 7,
4 4
R= a2
aAN-2 "n-2
Aot TNa
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with 7, being the unique real root between 0 and 1 of

the equation
= A (uy(1-32V),
and

= A () A () = A (i (1= A ()™ )
— AT ()] + 1 = iy + P AT ()N AT () =1
+ A (P (A= ry )= A" (1= A" (1))

The derivations of 7, can be referred to Baba (1996).

3. STATIONARY QUEUE LENGTH AT ARRIVAL

In this section, we derive explicit expressions for the
steady-state probability vector q of P . There are a
number of obvious simplifications, which the particular
structure of P induces into the computation of the

vector (Py, P> s Pni> D> Dos

by the system of linear equations

» ), which is given

h=p= " = pnors (13)

11 = PN T Z qﬂ)\7+1bl,n
n=0 (14)

_ nN+1
- pl’)a.‘\"f1 + qlbl,l') + (1.‘\‘Y z R bl,u+1 >

n=0

9 = Z qm\mb,,n

n=0 ; (1 5)
=qb,,+qy ) R, for2<i<N-
n=0
N = Zq”\n =dx zRﬂl\b\ > (16)
n=0 n=0
Gey = POy Fqpipdy, for 2<k< N (17
Gei =qe,4, for 2<k<Nand2</< N -1 (18)
DN =GNy T Z q(ﬂﬂ);\w(kq)bmﬂ
n=0 ; (1 9)
=g nay +ay 2 RNV for 2<A<N.
n=0
It is to be noted that
bio =0 01> ;025 U035 -5 bign), fOr
0 =015 bions b5 ON) 20)

i=12, ..., N—-1,

where

—p A () i=1,

b = * *
T B (- A il
M- 1

Let e be the N dimensional column vectors with all
elements equal to one and I be the identity matrix of order
N. Using the normalizing equation, it finally yields

N-1
o+ Np +D qe+qu(I-R)e=1. 1)

n=1

Since the sub rate matrix R is completely determined in (12)
and (13)-(21) form a system of simultaneous linear
equations with (N'xN)+1, we can solve these equations

if we can calculate

= (@ P ) = ks RN
0, =(@,150,00 P, x) Z; N 22

i=1,2, N

B ~ R™N* ),
o, = (¢i,19¢z,2’ N N ) Z() ’ n+1? (22b)

i=1,2, -, N.

First, we calculate ¢,. For notational convenience, we
A ()" =[A" ()" W(s)=dA (s)/ ds
and 7" the (& N) elementof R”.

(@) For 1</<N and 1< ;< N-1, using (2) and (4),

the calculations of ¢,

denote

are given by

o0
nN+i—1
e
Z .[ 0 K

o
nN+i— ] (m'\+z 1)
z '\ 7, +r b'\ n,N ]
=0
R TN M
(#) BN i
=0 7!

dA(1)]

\ 1 n+l
+r & NIk 1J’ (,u\z‘) o
/ /<:1 0 +1)l

A [A ()= A [y (1= A" ()]
Hy —H, —,uNA*(,u/)N

r. o
A W)
A () =y { !

x(A*[uNa—A*w/>““">]—A*<u.w>)
A A (= D= A () ) (23)

(i) For 1</< N and;j= N, from (2), the calculations of
@, are as follows
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o0
_ #N+i—1
DN = Z N bm‘,ﬂ,:\r
-0

o0 n+1
_ z K(f\”ri—l (.um 7) oA
n=0 0 ( + 1)'
A"y (A=) = A" (1y)
e R — 24)

N

Finally, we calculate ¢, .
@) For /=N and 1< j< N -1, it follows from (2) and
(4) that the calculations of ¢, , are given by

¢

[a”“\“mh

(nN+N)
J N,u+1,/ + r/ b

Il
M: <

\rz+1\]

N
s

[
M

AN+N [* ’ —; (1 (:uNX)Hl —HNX
2 [a} IO dA(l)IO Me ¢ )—( 1) e dx
NNk k-t w(”\f)ﬂ 2 o
+r, Z NN jo e dA®)
I G o (1= AT ()™
! Hy —H,; _.u.‘\rA*(.u/)N
A ()= A (1)) 7
+ +— =
Hx —H; A () A (p)—rv]
X[A (1= A" ()" D= A" () + A ()]
S = D= ATy
ai?‘[A*(u])—n\w][ (U [T=ry D= A (k)

+ A ()] (25)

(i) For /= j=N, using (2), the calculations of @
are given by

0
ﬂ'\+\
I\ N \ o+, N

S JINEN @ (.u\f)ﬁz N A
; IR
_ A*[.u.w (1- VN )] - A*(HN )+ ’TQ‘V#;\:A*“) (Ky)

. (26)

N
N

(iii) For 1</<N-1 and ;= N, from (3), we have the

calculations of ¢, \ as follows

©

¢,,N = Z ﬂﬂbz #+1,N
n=0
S nN+i (#— D&) (:u‘\ )”H 7/4‘\%
;r ["aaw) j S dx

v AT () = Ay (A=)
.‘\"7}\" [ N
Hy = H; = HyN

LA ) = A(w)

. @7
Hy — H,

(iv) For 1<7= j< N -1, since it follows from (3) and (6)

that the calculations of ¢, are given by

¢,

L9 1

[ﬂnN+z b

i in+1,7

(nN+7)
+7 / bz n+1,N ]

[ #N+i 'u'u\ usz(l)J‘[j(l_ )(:u\' ) (u u‘\)xdx

=
I
(=)
z

; 1
= — (1) (.L‘.‘\‘*X)”Jr

aN+i—k k=1 @ ! .
w1, 2, N [T aA@) [ e e

2~
l

= it A" () [ A (1= A" (1))
A*(/r‘f);\r)A*(l)(“f)_A*(#i)J

(M — Py + My

/I, = py + p AT () P+

A () —ry
X[A*[u;\r(l—A*(ui)”)] (), Aw) = A (1),
B = P+ f A (1 ) Hy — H;
ot A (A=) = A ()
A () =ry M, = My + Hary
+ A*(.u;\r)_A*(.ui)]' (28)

Hy —H;

(v) For 1<i# ;<N -1, using (3) and (8), the
calculations of ¢, = are given by

¢,

0
_ nN+i (nN+7)
- Z [a} hfmﬁ,/ 7 bz‘,uﬂ,w]

n=0

_ S aN+i [* ! (:ll'\ ) —UNX
- [ﬂj J‘[) M(f)-[[) M\ ’ dx

n=0

t=x

—H; 7;1 (t=x—y) nN+i—k k-1
x ¢ dy+r, r jdA;
) B b Z e

7;1\9‘ (:u\x) —u; (1—x) n:
j He T ]
AT A (= i AT () ) = AT
(.uj _.uz')

AT ) AT = e AT ()N = AT ()]
(1, =) (= s+ A ()™
. Pl AT T A () = Ay (1= AT ()]

|

A*('u])_l}\? 'uI\ —‘ul_ _HI\A*(,UJ)N
J-N . ) §
7 HNTN A ()= A[uy(1- rg )]] )
A*(,U])—rN Hy = B = Bary

From (23)-(29), we can easily calculate ¢, and ¢,
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(i=1, 2,

distribution, .A4"(0), and its first derivative, 4"

-, N) by using the LST of the interarrival
(0), the
service rate g, and the sub rate matrix K. Calculating
b, in (20), in (9), and ¢, in
(23)-(29), the steady-state probability distribution at points

of arrivals can be determined by means of solving a linear
system of equations (14)-(19) and (21).

and a, and @,

4. SYSTEM CHARACTERISTICS

In this section, we develop the steady-state

characteristics of this system, such as mean queue length,
the expected waiting time in the queue, and so on.

Mean quene length

Let Iy be the steady-state queue length at points of
arrivals while the server is turned off. From (13), we have

ElL 1= 2 np,. (30)

Let L, be the steady-state queue length at points of arrivals
while the server is working and G(g) be its generating

function. and R, G(3) is

Using q,(#=1, 2, ..)

expressed as

= Z q,e3"
K

Zq ex +Zq\R ex” (31)

n=0

/

qe%’ +quz  I-Rg) e,

X
Il

The mean of L, is given by

dG(z
FIL,] =%Iz 1

(32)

N-1
=Y nq,e+qRAI-R)“e+Ngq,(I-R)"e.

n=1

Let Ls be the mean queue length for the N policy
G/M/1 queue system with bulk-services depending its
service size. Using (30) and (32), it finally yields

N-1 N-1
E[L =Y m,+ Y nq,e+qyR(I-R)7e -
n=0 n=1

+NqyI-R)"e,

where po andq, (#=1, 2, ---, N) are obtained through

solving linear equations of (13)-(19) and (21).

Waiting Time Distribution

Let W and W7(s) denote the steady-state waiting
time and its LST, respectively.

If upon arrival a customer finds that the server is idle,
then the test customer needs to wait queue length of
N —1. Further if upon arrival a customer finds that the
number of waiting IN+j (120,
0< j<N-1) and the number in service is 4 then the

conditional waiting time has LST as

customers s

He ( Hy ).
SHH, s+ Hy

Hence W"(s5) is given by

N
DI R

0 k=1

W (s) = ZpﬂA<>\“+Z

N-1 1
n=0 i=0 j=

Hy

‘f+:ll/(>
-1

ALAT G +ZZq,\+/u<s> “\ y

i=0 ;=0 N

Hy
S+ Hy

x( ) )

/

=3

X

/

-1

pﬂ[A<>\“+un<x>

) j=0

DI w2 )

i=1 ;=0

=S A4S g u)

n=0 J=0

n=

+q,( By ya——E g¥yTa-rY)
s+ Uy S+ Uy
x(I-R)u(s), (34

where

u(s) = (1, /(54 1)y /(54 1y )seees iy /(JJ’_.UN))[ and

q() =(p[)’p1""’p;'\771) .

Differentiating (34) once and inserting s =0, we have

EW]
Q (N—-n-1 _
ZT) 4 Y g, gy R -RYY
=0 N
x(I-R)'e+(I-R) 'u, +—(I—R)"e], (35)
N
where
1 1
u =(—,—,,—).
M Hy My

5. NUMERICAL EXAMPLE

As an example, suppose N=2, A=0.8, u, =10,
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W, =2.0,and p, =3.0.
From the definition of «, in (1) and (9), we get

A
——=0.44444, 4, =

a, = =0.28571,
A+, A+,
ay = A 021053, o, = =0.21053,
Y TA A+,
2 Al
a, =—F—0.1662, 0, = =0.13121.
(A+ 1) (A+ps)
From (12), we have £=0.21212 , r,=0.011744 |,

r, =0.003691 and then the sub matrix is given by

0.44444 0 0.011744
R=| 0  0.28571 0.003691
0 0 0.21212

From (23) and (29), we obtain

¢,, =0.12623, @, =0.15329, @, =0.16747,
,, =0.058069, ¢, , =0.04415, ¢, =0.035523,
@, =0.026226, ¢,, =0.012821, ,, =0.0075352,
¢, =0.096782, ¢,, =0.745, ¢, =0.059205,

¢, =0.10747, ¢,, =0.047588, ¢, =0.0080734,
¢, =0.24155, ¢,, =0.15487, ¢, =0.0012619.

From (20), we have b, =(0.24691, 0.31746, 0.35088)
and b,, =(0.15873, 0.20408, 0.22556). Thus, it finally

follows from (14)-(19) and (21) yielding the following
system of simultaneous linear equations

g, =0.13121p, +0.24691¢, , +0.31746¢, , +0.35088¢, ,
+0.096782¢,, +0.745¢, , +0.059205¢, ,,

9., =0.15873¢,, +0.20408¢4, , +0.22556¢, , +0.107474, |
+0.047588¢, , +0.0080734¢, ,,

¢,5 =0.12623¢, , +0.15329¢, , +0.16747¢, ,,

¢4 =0.1662 p, +0.44444¢, ,,

Gon = 0.28571%’2,

4,5 = 0.21053¢, , +0.058069¢,, + 0.044415¢, , +0.035523¢; ,,

¢51 =0.21053 p, +0.444444, ,,

g5, =0.28571q, ,,

¢55 = 0.21053¢, , +0.0262264,, +0.012821¢, , +0.0075352¢, ,,

3p,+ R R R LR I R E
+1.8268¢4;, +1.400606¢;, , +1.2692¢, , =1.

Solving the equations listed above yields

Po = 0224298, p, =0.224298, p, =0.224298,

g,, = 0.065303, ¢,, =0.022288, ¢,, =0.010529,
g, =0.066301, ¢,, =0.006368, ¢,, =0.009347,
g,, =0.076689, g, =0.001819, and g, , = 0.003401.

It follows from (10) that we have the steady-state
probabilities ¢,(» > N). Inserting (33) and (35), we obtain
E[L]=1.492852 and E[IF]=2.651378.

The above bulk-service M/M/1 system with N (=2)
with  dependent presented
numerically to demonstrate the implement and efficiency

policy service rates s
of the proposed procedure (Section 3). Once the matrix R
has been constructed, we easily calculate the probability
distributions at points of arrivals by solving a linear system
of equations. This example is different from the ordinary
M/Mf/1 queuing system (by Kleinrock (1975)) in that
when the system is empty the server deactivates and does
not provide a varying bulk-service rate until the number of
customers reaches N. Kleinrocks’ results are obtained by
solving the equation of the r-th order. Note that when
interarrival time is not exponential, the matrix geometric
procedure yields an efficient computational method for
obtaining the steady-state probabilities (see Neuts (1981)).

6. CONCLUSIONS

For the bulk service G/M/1 (or M/G/1) queuing
systems with dependent service rate, the mathematical
modeling is not easily tractable. Although embedded
Markovian process is frequently used to model G/M/1 (ot
M/G/1) systems (see Neuts (1967), Baba (1996)), it should
be noted that Neuts’ (1967) approach is unsuitable for
computational purpose. In this paper, we study a variant
bulk service G/M/1 queuing system with an NN policy. We
show that the queue size and the service batch size at
points of arrivals form an embedded Markov chain and the
steady-state probabilities of this Markov chain have the
matrix geometric form. By the arguments of Neuts (1981),
the rate matrix R of the matrix geometric solution
procedure is derived in a readily computable form. We also
obtain some explicit and computationally tractable results
such as mean queue length and mean waiting time in the
queue. Once R is obtained, we easily find the steady-state
A variant M/M/1
numerically to verify the validation of the solution

results. example is demonstrated
procedure.

Bulk-service queuing models arise naturally in many
applications. For example, transportation processes
including buses, airplanes, etc., and industrial applications
such as heat treatments and metal plating operations, all
have a common feature of bulk service. For efficient
purposes, the control of such system may have certain
advantages in some practical applications. In future, the
work can be generalized for other policies (such as T policy
and D policy) or triadic policies (such as NT policy and
ND policy).
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APPENDIX A: THE DERIVATION OF 4, |

First, we let T, denote the time between the (r—1)-st
and the rth customers. Since the interarrival times are

assumed independent, the random wvariable T, can be
denoted by T, and we denote its CDF by .A(7) (see Section

1.
Case 1: For /= j=N, hN,H,N is corresponding to the
probability that ¢ services with rate L

progress during an interval time T. Then

0 7’ 4
=[ (uz') AA®), for €21 (A1)

b

N,(-1,N

Case2: For 1</<N-land j=N, 4, can obtained

as follows; (see Chaudhry and Templeton, 1984)
After the r~th customer arrives, a time X has

elapsed when the service of batch size N has

been served (+1 times with rate g, . This

case when the time X has elapsed, departures
from the system can refer to a Poisson process.
The time X, then, is Erlang-distributed, being the
sum of /+1 exponential random variables with

Uy - Thus the p.d.f. of Xis given by

.UN(.UNX)Z RO (A-2)
Al

When the time required for the waiting customers
of batch size 7 to enter into service is less than the
interarrival time, that is when X < T, then there is
time T—X remaining to have the customers of
batch size 7 will start their services. The probability
that exactly 7 size of batch will be served before
time T—X expires is given by

—H;(T-X)

¢ . (A-3)

From (A-2) and (A-3), b,,, is expressed as

7y
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©

Lo - (l’tﬂx)e —HUNX
biyn = 0 dA(l)J‘( ¢TI S

0 ’ L)
for />0 (A-4)

Case3: For 1< ;< N-1 and 7 = N, similar to the

analysis for Case 2, by, ; isgiven by

_[ o ()
b“\"’/’/ h -[o dA(l)J‘o ¢ H Te

for £ >0 (A-5)

TN
2

Case 4: Forl<i=j;<N-1,
(1). Consider £=0 case, & Pro[the

service of batch size 7 during the period T] is

7,0,i
given by
bos = |t dAQ), for £=0 (A-G)

(). Consider £#0 case, b,

the following: After the r~th customer arrives,

is derived from

a time X has elapsed when the service of
batch size N has been served ¢ times with

rate U, . Similar to the analysis Case 2, we

get p.d.f. of Xis given by

Hy (.u.‘\rx)/il “Hy¥
T A7

The time is again elapsed Y when the service
of batch size 7 has been processed. Similar
arguments, we have

e (A-8)

In contrast, the probability that exactly 7 size
of batch will be served before time T—X—Y

expires is given by
e T (A-9)

From (A-7) - (A-9), b,,, is expressed as

i

/-1
(:uI\X) —HNX

= ["a40)[ =
“ J-;—x 'uig,u[jefy,(hxi)‘)@/
0

(.u.‘\rx)gi1

=" wpeaam| ¢ -x) =

x BTN g for 421

Case 5: For 1<i# j<N-1, b, is obtained by the

same procedure as Case 4.

APPENDIX B: EQUATION (13) IS DERIVED BY
SUPPLEMENTARY VARIABLE TECHNIQUE

The state of the system at time #is given by
X (#) = number of customers in the system, and

17(#) = remaining interarrival time for the customer who
is arriving,
Let us define

P, )dy =Pe{X(t)=n, v <V (t)<v+dv}, v20,
n=0,1,2, ., N-1

g, )dy =Pr{X () =n, v <V (t)<v+dv}, v20,
n=12,... N, i=12..00.

Relating the state of the system at time #and 7+d¥, we easily
set up the following partial differential equations for server
idle as follows

(%_%)p()(”»f) = /'thl,l(”»f)+qul,z(”»f)+"' ®B-1)

tUND N (@,1),

0 0 d

- = =24 0;7),

(5P = AW, (050), ®2)
1<#<N-1

In steady-state, (B-1) and (B-2) becomes

d
_ZPO ()= wq1 @)+ g () + Uy (@), (B-3)

~L =L Awyp, (0), 12n<N-1. (B-4)
v dy

We introduce the following Laplace-Stieltjes transforms:

20)= ¢ p, (),
b= 0,0 = [ p, s

Similar to the analysis by Ke and Wang (2002), It follows
from (B-4) that

P=pP= o = Paa B-5)

Note that the partial differential equations for server
busy are constructed in this manner. In this case, their
solution is not easily tractable. Thus, this paper develops
the queue size distribution using embedded Markov chain.



