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Abstract—This paper addresses an inventory control problem when common components are allowed and the goal is to

minimize the expected units shortage subject to a budget constraint. A two-level assemble-to-order product structure is

analyzed when the demands for two end products follow independent mixtures of Erlang distributions. Closed form

expressions for the objective function under various scenarios are presented and efficient algorithms for computing the

optimal inventory stock levels are developed. Relative reductions in the expected units shortage under different demand

patterns and budget availability situations when introducing commonality are evaluated and compared. It is found that, for

all demand patterns considered, the relative reduction can be substantial when the inventory budget is large. Thus, if a

company wants to improve an already high service level for an essential item, introducing commonality may be an option

without having to increase the inventory to an unbearable level. Also, given a fixed budget, our numerical results suggest

that the case of independent and identically distributed demands produces the largest relative reduction in expected units

shortage. Benefits from employing commonality can be insignificant, however, where the demands are very different.

Keywords—Inventory models, Component commonality, Erlang demand distributions

1. INTRODUCTION

Today’s challenges of increased globalization and
customization have led to increased product proliferation,
which in the face of uncertain product demands aggravates
the situation of high inventory levels and poor customer
Product
commonality, i.e., a product structure in which at least one

service. design  incorporating component
component is common to two or more end products
(Baker, 1985), plays an important role in achieving a
specified service level while maintaining lower inventory
levels. Thus, investigations of the effects of commonality
are of interest to both academics and practitioners.

The extensive literature on inventory stocking models
under component commonality can be categorized into
two broad groups: (i) Analytical Studies and (i)
Computational Studies.

(i) Analytical Studies: Studies in this category may be
classified further into two groups. Studies in the first group
(Baker, et al., 1986; Gerchak and Henig, 1986; Jonsson and
Silver, 1989; Bagchi and Gutierrez, 1992; Eynan and
Rosenblatt, 1996; Mirchandani and Mishra, 2002, among
others) have focused on obtaining closed form solutions.

These studies have generally analyzed a prototype
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2-product assemble-to-order (ATO) product structure with
two unique components and one common component. In
these studies independent uniform, exponential, geometric
and normal distributions have been used to model the
uncertainty in the product demand. The objectives of these
studies include: comparing the changes in stock levels with
or without component commonality, expected profits for a
single-period model,

commonality qualitative

characterizations of the changes in stock levels,
maximizing the expected total of two end products subject
to a budget constraint for the components, marginal
benefits from increasing component commonality, and
determination of the cost-minimizing inventory of the
components to meet a product-specific service level.
Studies in the second group (for example, Gerchak et al.,
1988; Gerchak and Henig, 1989, among others) have
considered single- and multi-period commonality models
with multiple products and multiple components. These
studies have sought qualitative insights into the impact of
component commonality on service levels and inventory
costs, and the properties of optimal solutions. An
interesting finding is that in the absence of a
capacity/storage  constraint, a

myopic,  single-period
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solution is optimal even for multi-period model.

(ii) Computational studies: Studies in this group (for
example, Hillier, 1999a, 1999b, 2000) have developed
mathematical formulations of commonality models with
multiple products and multiple components but have relied
primarily on simulation techniques to explore the effect of
different different
parameter specifications (such as cost- and demand

degrees of commonality under
distribution parameters) on the total inventory cost or
service level.

Our goal in this paper is to make a contribution to the

literature representing the analytical studies of the first type.

While we analyze a single-period prototypical 2-product
model similar to the one used in eatlier studies, we model
the uncertain demands using mixtures of Erlang
distributions. From a mathematical perspective, mixtures
of Erlang distributions provide a rich class of distributions
with great versatility. For example, a mixture of two Erlang
distributions already has five parameters, which provides us
flexibility, even when demand has a bimodal distribution.
Note that Gamma distribution is often used in the
literature as the demand distribution and it can be well
approximated by a mixture of Erlang distributions. (The
approximation is exact when the shape parameter is an
integer or less than 1; see Gleser (1989)). Also, the
exponential distribution is a special case of an Erlang
distribution.

From a practical perspective, a mixture of FErlang
distributions also has an advantage over the popular
normal distribution in that it is always nonnegative. In
many practical settings, the demand for a product is driven
by several distinct undetlying variables, heterogeneous
markets, diverse customer needs, etc. In modeling the
demand, one first captures the demand in each market
segment by estimating a demand distribution for each
market segment, and then combining them appropriately in
proportion to the firm’s share in each market segment. In
other words, the product demand is more meaningfully
modeled as a mixture of the conditional demand
distributions. For example, consider that the product under
consideration is a spare part whose demand is driven by
failure of the products in service. Often failure can occur
for more than one reason and the failure distribution for
each reason can be adequately modeled by a suitable
density function. The overall failure distribution, and hence
the demand distribution for the product is a mixture of
Erlang distributions.

In this paper we present the analysis and computational
results for a prototypical 2-product model similar to that
considered in Jénsson and Silver (1989), but using mixtures
of Etrlang distribution for the demand. We assume simple
cost and demand scenarios in which the cost of the
common component is the same as that of the unique

components and the demand distributions are independent.

We also discuss some avenues for further research to
exploit the versatility of the Erlang distributions and seek
further extensions to the literature.

Our basic model consists of two end products, and each
end product comprises two different components that are

normalized so that one component of each type is needed
to make one end product. The structure of the basic
model is illustrated in Figure 1a. We call it Model N, a
model that does not have a common component.

Product
Component ° °
1a: Model N
Product
Component

1b: Model C

Figure 1. Structures of models N and C.

When a common component, say Component 7, is used
to replace Components 4 and 5, we have product structure
as illustrated in Figure 1b, which we call Model C, a model
that has one common component.

Our objective function is to minimize the expected units
storage (EUS) (or equivalently to maximize the expected
units sold) subject to a budget constraint. Recognizing that
the objective function is convex for any unbounded
continuous demand distributions, we show that it can be
evaluated in closed form for the class of mixtures of
Erlang distributions and develop an efficient algorithm to
compute the optimal stock levels.

The rest of the paper is organized as follows: In Section
2, we describe a mixture of two Erlang distributions and
introduce some notation. In Section 3, we present the
results for Model N. In Section 4, we develop a closed
form expression for the objective function and provide an
efficient algorithm to compute the optimal stock levels for
Model C. In Section 5, we evaluate the benefits from
employing commonality under different demand scenarios.
Finally, in Section 6 we present our conclusions and
avenues for further research. Section 7 lists references.

2. NOTATION

The density function of an Erlang distribution with
parameters o >0 and B >0 is

Bx"" exp(=Bx)

-1 , x>0; 00>0and B>0
o—1)!

fx|a, B)=

o is taken to be an integer. Note that the mean for this
distribution is E =a/fB and the variance is " =a/B°,
so that EZ/V=O( and E/IV=f. When a = 1, the

Erlang distribution becomes an exponential distribution.
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The density function of a mixture of two Erlang
distributions is

rf(xla,, B)+1=r)f(x|a,, B,),

whete 0 < r< 1, and for 7 = 1,2, B,> 0 and o, is a

positive integer. The mean and the variance of the mixture
are respectively given by

e One e (e,
S A R

(-G -Zay

B B,
Note that there are five parameters in this distribution, thus
it allows great flexibility to model demand with a given

mean and variance. In general, a finite mixture of Erlang

)

distributions is given by >, 7, f(x |a,,ﬁi) where X1 =

1and 7,2 0.

Let X and Y be the demand for products 1 and 2. To
make a clear presentation, we only consider mixtures with
two components here. When the densities of X and Y are
needed for calculations in this paper, they are given by

Fe)=rfx|anB)+=r)f(x|ay,B,), 0< <1,
S () =rzf(J/| a3>ﬂ3)+(1_rz)f(J/| a,,B,), 0<r, <1

Define

)= [ fede,gy(@) = [ s (x)a,

=" Kb @)= oy D,
F(apaa)= [ f (0 (a =),
Faa,a) =] f(lte=a) (e

These functions are all continuous and differentiable.
The following notation will also be used in this paper:

S« stock level for component 7in Model N, 7= 3,4, 5, 6
S+ stock level for component i in Model C, 7 = 3, 6, 7

EUSN : expected units shortage for Model N

The superscript * will be used to denote the optimal
values of the variables. T is the budget limit (total number
of units available among all components)

3. OPTIMAL INVENTORY LEVELS FOR MODEL N

Referring to Figure 1a, it is obvious that, in an optimal
allocation, the inventory stock levels for components 3 and
4 are the same and those for components 5 and 6 are the
same. The optimization formulation for Model N is

(P1) Minimize

)+ ¢y (ay = x)dx

EUS,
=] SOt [ (= Suh O,

such that Sns + Sne < T/2, Sni > 0, 7= 3, 6, and T is fixed.
Since both demands X and Y are continuous and
unbounded from above, all the available budget will be
used up in an optimal allocation. So we have Sn3 + Sng =
T/2. Substituting this into the objective function (1) we get
Equation (2):

EUS,
= _[i (5 = S5) [ (3)dxc 2

o O=T/2480) 500

It is easy to prove that EUSN in Equation (2) is a convex
function of Sz , implying that any local minimum is also a
global minimum.

$(Sx3)=45(T/2=53;)=0 ©)

Note that from strict convexity, there is at most one
0<¢,(S)<1lforS>0

and ¢,(5)=1 for§<0,7=1,3,a solution always exists
Sy < T/2. Given

solution for (3). Also, since

and it will satisfy the constraint 0 <

5

*

Ne = T/2— 53, C)
EUS'N = ¢2(53) + 06 (T/2= S5 = T/201 (59 )

For the mixtures of Erlang demand distributions, we
have

o — mom m 5 m

$,(5) =1, exp(— ﬂmZ L+ (1—1)exp(— ﬂmZ -

m=0 m=0

"o
$,(5) —n;exp( ﬂmZ 1

m=0

+<1—r1>ﬁ—exp< ﬂmZ ﬂz :

m=0

ﬁ% S”

$3(5) =1, exp(— ﬂmZ

m=0

s
+(1—r,)exp(— ﬂmZ ﬁ !

m=0

$,(5) —rzﬁ—exm mzﬁ

m=0

!
(1= Lexp(-5,5) 4’”5’”
P ﬂ P 40

m=0
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The derivation is given in Appendix A. We solve
Equation (3) using a subroutine called DZREAL from the
IMSL Math/Libraty (Software Edition 1.1, pp. 773-775).

4. OPTIMAL INVENTORY LEVELS FOR MODEL C

Referring to Figure 1b, Component 7 is the common
component. From Jénsson and Silver (1989), we want to

(P2) Minimize
EUS, =" (et y=$) £ () fy (D

+J.:Y} ,[j,x(X-i-] =855 () fy () dydx

[

0= S0 £ A (e
[T =S A f O ©

such that S5 + g + 57 < Y, 53 < S7, S < S7, S5+ S > 5‘7, Si
>0,7=3,6,7,and Tis fixed.

The four terms in the Equation (6) pertain to all
different possible regions of the two-product demand
space for any given set of component stocking levels.
These regions are illustrated in Figure 2, in which the
numbers designating the shortage region correspond to the
terms in Equation (6).

57 )
5 T D
S7-S3
4
S7-S6 S3 S7

Figure 2. Shortage regions corresponding to the terms in (6).

Also, because X and Y are continuous and unbounded
from above, all the available budget will be used up in an
optimal allocation and so S7 = T — 83 — Ss. (Here we
observe that if the demand is bounded from above, it
would imply that the value of 8 would be large. When
demands are independent and identical, Result 3 in Section
5 that follows indicates that the relative savings from
commonality ate independent of B. Consequently, the
findings of our analysis hold, even when the demand is
bounded from above.) Substituting S7 = T — 53 — S into
Equation (6) and simplifying, we get

(P3) Minimize
EUS,
= ¢1 (5V3)[¢4(T - 253 - S()) - (T - 253 - S() )¢3 (T - 253 - ‘SV() )]

HI= (T =55 =25)1[0, (55) = S5 (55)]
+¢2 (S3) - ‘Y3¢1 (‘% ) + Fz (S3 > ‘Yc 1= ‘Y?, - Ss ) (7)

with (53, 5o) € K= {(S3, 56) : 255 + Ss— T<0, 55 + 255 —

T<0, T-255-25<0}.

To find the optimal solution to Problem P3, we first
observe that the objective function (7) is convex. Then, we
provide an algorithm to find the optimal solution.

Result 1 The objective function (7) is a convex function for any
unbounded continnons demand distributions over its feasible region K.
For proof of this result, see Fu and Fong (1998).
Also, we have,

OEUS
as &= 2¢3 Ir- 2855 )¢1 (55)- ¢1 (53)
» +F (55,8, T—=5,-5;)
0 .
% =, (T =285, = 5),(55) = 9,(S5,)
+,(T =55 =25)9,(5,) ®)
+F(S,,5,T-5,-5,)

Result 2 The optimal solution to Problem P3 can be obtained from
the following steps:
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1. Set the first order partial derivatives in Equation (8) to zero. If
the root (85,8, ) belongs o the set K, then it is the optimal

solution. Otherwise, go to step two.

2. Solve the Sfollowing set of equations:
OEUS OEUS
“—2u=0, C—2u=0,T - 283-2S = 0,
oS, oS,

and p = 0. If a solution exists, it is the optimal solution.
Otherwise, compare EUSc evaluated at (53= 0, S¢= T/2), .

EUS,, =¢,(T/2)=T/2¢,(T/2)+ E(X),
with that evaluated at (85 = T/2, Ss = 0),

EUSc, =¢,(T/2)=T/2¢,(T / 2)+ E(Y),

1- 3
where  E(x)=A% A70% g gy =293
B, B, B3
(- " )a4 .
+-——=—are the means of X and Y, respectively. The

B.

one that gives the smaller value is the optimal solution.
Proof. See Appendix B.

OEUS,

OEUS, —0 and

3 6
a subroutine called DNEQN] from the IMSL
Math/Library (Softwate Edidon 1.1, pp. 780-783) is
used. For the mixtures of Erlang demand distributions,
&(S), i =1, 2,3, 4 are given in Section 3, Fi(S3, S, T — 53 —
S6) and Fa(83, S, T — 853 — S6) are given in Appendix C. All
are in closed forms. Thus, we have closed form expressions

To solve the equations 0,

for the objective function EUSc as well as the first order
partial derivatives in Equation (8).

5. REDUCING SHORTAGE USING COMMONALITY

We now explore the role of commonality in reducing
expected units shortage under different demand patterns.
We also examine how the benefits of employing
commonality change when the budget availability is
changed for the base system, ie., the one without
commonality. Since different demand patterns and budget
levels may have different impact on the benefits from
commonality, this exploration should provide insights into
the effects of commonality under various situations, and
guide practitioners with helpful guidelines on when and
which unique components should be replaced by a
common one.

For each demand pattern, suppose a service level 7 is
achieved in Model N for a fixed budget T:

p(Xﬁ S;\@): ﬂ,p(Yﬁ S;\r()) =, and T = 253 + 25N,

We compute the expected units shortage for Model N
(EUS,) and Model C (EUS,) for this T value. The

relative reduction in expected units shortage is

EUS, — EUS,

EUS,

The following two demand scenarios are considered:
independent and identical Erlang distributions (IIR) of
which independent and identical exponential distributions
(IIE) are a special case; and independent but non-identical
Erlang distributions (INR) of which independent but
non-identical exponential distributions (INE) are a special
case.

5.1 Independent and identical erlang distributions
(dIR)

There are two parameters for the IIR case, namely o and
B of an Erlang distribution. To investigate the benefits
from introducing one common component to the base
model, we find that, for the same 7 and «, the relative
reduction in expected units shortage is a constant for all 8

values.

Result 3 For a given m, the relative reduction in expected units
shortage achieved in Model C versus Model N, at fixed @, is a
constant for all B values when the demands are IIR.

Proof. See Appendix D.
The numerical results for different o values are
summarized in Table 1 and they display similar patterns as

observed in IIE case.

Table 1. Relative reductions (%) in expected units shortage
for the IIE case

m\a 1 2 4 5 10
0.8 6.2 6.7 7.2 7.3 7.6
0.9 15.4 16.4 17.2 17.5 18.1

0.95 25.8 271 28.2 28.5 29.4
0.99 48.6 50.1 51.5 51.9 53.0

Result 3 indicates that when the demand for the
products can be adequately represented by independent
and identical FErlang (IIR) distributions, the relative
reduction in expected units shortage is independent of the
scale parameter of the distribution, 8, which determines
the level of demand. All we need is an estimate of a, the
shape parameter. Once we are satisfied that the demands
can be adequately represented by identical and independent
Erlang distributions, and an estimate of the parameter @,
we can ascertain the percentage relative reduction in the
expected units shortage (which is a surrogate for the cost
savings from the commonality strategy), corresponding to
any specified service level, 7. Since higher values of o
imply a distribution with a smaller coefficient of variation,
it is interesting to observe (from Table 2) that benefits
from a commonality strategy (i.c., relative reduction in the
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expected unit shortage) are higher when the demand
distributions have smaller coefficients of wvariation. We
offer an intuitive explanation for this as follows: When the
demand coefficient of variation is lower, the stringency
imposed on the optimization models by the uncertain
demand environment will be less. This in turn implies that
the two optimization models will be operating at a level
where the diminishing marginal returns to commonality
will be lower than otherwise. Therefore, the relative
benefits from commonality would be higher.
Special Case: Independent and
Exponential demand distributions — For a given , the
relative reductions in expected units shortage are not

Identical

dependent on the parameter of the independent and
identical exponential demand distributions. The relative
reductions in expected units shortage for different 7
ranging from 0.8 to 0.99 are given in the first column of
Table 1, which shows that the relative reduction rises from
6.2% to 48.6% as m increases. This implies that a
substantial relative reduction is possible when the
inventory budget is big (the larger the value of T, the
higher the value of 7). We provide a formal proof of this
observation in Appendix E.

A practical implication of the above observation is that
if a firm wants to improve an already high service level (in
terms of expected wunits shortage) for an item,
commonality may be a viable option. Also, when the
demands are IIE, since the relative reduction in expected
units shortage is independent of the demand parameter, S,
it implies that, to get an idea of the economic benefits of
commonality, we don’t need an estimate of the parameter
B of the distribution. From column 1 of Table 1, we can
estimate the percentage relative reduction in the expected
units shortage, corresponding to any desired target service

level, 7.

5.2 Independent, non-identical Erlang distributions

Suppose X ~ Er (ou,f1) and Y ~ Ern{on,f32). We fix oy =
o= 5, f1= 1 and vary B, for our calculation here. The
relative reductions in expected units shortage for Model C
over Model N are summarized in Table 2.

Table 2. Relative reductions (%) in expected units shortage
for the IR case (a1 = oz = 5, and f; = 1)

m\ B 02 05 1 2 5
0.8 3.9 64 713 64 39
0.9 90 152 175 152 9.0
0.95 146 248 285 248 146
0.99 274 453 519 453 274

Numerical results from Table 2 also suggest that the case
of independent and identically distributed demands (IIR)
produces the largest relative reductions compared to cases
with independent but non-identical demands (INR). The
relative reduction drops quickly when B, is moving away

from the fixed B1 (= 1).

Special Case: Independent, non-identical exponential
distributions - Let X ~ Exp(B1) and Y ~ Exp(B2). We fix
the mean of X at 5 (i.e, 1 = 0.2) and vary the mean of Y
from 0.5 to 100. The relative reductions in expected units

shortage for Model C over Model N are summarized in
Table 3.

Table 3. Relative reductions (%) in expected units shortage
for the INE case (81 = 0.2)

n\ B, | 001 002 0.1 0.2 0.5 1 2

0.8 1.0 1.9 54 6.2 4.9 33 1.9
0.9 24 44 133 154 120 78 44
0.95 3.9 72 221 258 199 127 7.2
0.99 75 139 415 486 373 241 139

In both INE and INR cases, we find that the benefits
from a commonality strategy (defined as the percentage
relative reduction in the expected units shortage), are
highest when the demand distributions for the two
products have the same f (i.c., fi = f2). Since we have set
o4 = O, in our numerical example, this situation and the
results are the same as for IIE and IIR. The finding that
the benefits from commonality decreases as B, moves away
from fi, indicates that as the product demand distributions
identical, the
commonality will reduce.

become non relative  savings from

We provide an intuitive explanation for this observation
as follows. When the demand distributions for the two
products are identical, the commonality model has the best
scope to exploit the benefits from the pooling effect, and
offers the best relative reduction in the expected units
short compared to the non-commonality model. When the
demand distributions for the two products are not identical,
the structural uncertainty in the demand process will be
greater, by which we mean operating in a more
heterogeneous environment. This situation is analogous to
the reduction in the flow rate or throughput capacity in
physical systems, when the flow units are of dissimilar size.
While this imposes a greater stringency on the optimal
solutions in both models, the detetioration in the
commonality model will be relatively less compared to the
non-commonality model due to the pooling benefits from
commonality. Thus, while we do derive relative savings
from commonality, it is lower compared to the case in
which the distributions are identical.

6. CONCLUSIONS

In this paper we provide analytical results for the
product commonality problem in the context of a
proto-typical, single-period two-product model when the
demand distributions are mixtures of Erlang distributions.
We propose efficient algorithms to compute the optimal
stock levels. Relative reductions in expected units shortage
by employing commonality under different demand
patterns for a fixed budget are computed and compared. In
general, we find that the relative reduction is small when
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the budget level is low relative to the demand requirements
for the end products but it is substantial when the budget
level is high. The case of independent and identically
distributed demands appears to produce the largest relative
reduction compared to cases with independent but
non-identical demands. Also, the relative reduction drops
quickly when the two demands vary further away from
each other. In our simple model, we have assumed that the
costs of the components are all the same. In practice, the
cost of the common component is likely to be higher, and
in such cases, we anticipate that the relative benefits from
commonality would be lower.

We note that our analysis of the simple model with
mixtures of Erlang distributions provides an impetus for
several interesting avenues for further research. TFor
example, from the cost perspective, it would be interesting
to consider (a) different costs for the unique and the
common components, and (b) different shortage costs or
different margins for the two products. Also, from the
demand perspective, it would be interesting to consider (a)
correlated demands and (b) non-unimodal demand
distributions.
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APPENDIX A: ¢, (S) FOR A MIXTURE OF TWO ERLANG DISTRIBUTIONS

Because of similarities, it suffices to derive the results for ¢ (), and @ (5):

T exp(-fyx) | (=B exp(=Bux)

N _ [ _[” nB »
()= felxre=]( P = )
o, -1 ’”‘S’” 0,1 ///stm
=N CXP(_ﬁyY)/ZO;Z—,""(l_’Q) exp (=B,5) Z::o 7:
e (P e [ 7 BB (B (=) exp)(Box)
9.(8) = [ sfu()de = [ " x( TR = Y
_q “ BrS” a, o BIS”
_;/iﬂ— CXp(—ﬁlAS‘)EOT‘Fa—ﬁ)B— CXp (—ﬁzY)Z m' .

1 2

To obtain the above equations, we make use of the following result about the complementary incomplete gamma

function
» a1 5
Ia,s) :J. exp (—u)u'du= (a1l —

!

m=0

and that
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. o 4 ~D)lexp (-BS) & BrS”
[/« e podz=] g o (s =& )ﬁap( p )Z ﬂm'

APPENDIX B: PROOF OF RESULT 2

From Result 1, the objective function (7) is convex. Since the constraints of P3 are all linear, the Karush-Kuhn-Tucker
(KKT) conditions are both necessary and sufficient (Bazaraa, Sherali, and Shetty (1993, pp. 162-164). Thus, for any optimal

solution (§3, S¢), there exist parameters pi1, Uz, Us such that

OEUS, OEUS
TC+2/"1+”2_2”3=0» —,C+,u1+2,u2_2,u320’
3 6

1,28, +8, = T)=0, w,(S, +28, =T)=0, w,(T =25, -25,)=0,
25, +58,-T <0, §,+28, -T <0, T—28,-25)<0, u, 20, i=1,2,3.

Because the objective function (7) is continuous over the feasible region K, which is a compact set, there exists a
minimizing solution to Problem P3 (Bazaraa, Sherali, and Shetty (1993, p. 41). Noting that the objective function is strictly
convex, the optimal solution (5},5, ) is actually unique, which should occur either inside or on the boundary of triangle

ABC in Figure 3.
If the optimal solution (S, S;) is on the line BC (excluding points B and C), then (S, S, ) can be obtained by solving

OEUS OEUS,
< top, =0, <4, =0,25+S,—T =0, and u, >0.

os, os,

OEUS,
C=¢,(5)+FE(S,,5,T—5,-5)>0, and it is impossible to have

However, when 25,+5,-T =0,
3

OEUS,
S + 2p, =0 with g, > 0. So the optimal solution could not be on the line BC (excluding points B and C).

oA
Using the same argument, the optimal solution could not be on the line AC (excluding point A). If the optimal solution

(85, S.) occurs inside the triangle ABC, then u, =0, /=1,2,3,and (S,, S, )is obtained by solving

Se A
T —C
A(T/2) <
C
B(T/2) T 53
Figure 3. Feasible Region for Model C.
OEUS OEUS P
a5 £ =0and a5 € =0; if it is on the line AB (excluding points A and B), then (S,, 5,)can be solved from
O3 D6
OEUS, OEUS, . X L . .
- = —2u, =0, T-25,-25,=0, and pu, 20; otherwise, it is either point A or point B.

as, = as,
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APPENDIX C: DISTRIBUTION FUNCTIONS OF ERLANG MIXTURES

Fa aya) =] fo(x) dya, =

_J' " 1a1xa] B CXP(_ﬁ1X)+( —n)By x* B exp(=f,x)
o, —D! (a, =1)!

ry exp(-B(a, —x)x Y.

3/// (43 _ X)///

m=0 lﬂ,
1B (a4, —x)"
+(1—7”2) exp ( ﬂ4(‘l3_x) Z e
=0 |
=PFE(n, r,a,, By, as, Bs, a5 a5, a3) + PE (n, 1=y, @, By, ay, By, ay5 ay, a5)
+PF(1 G,rz,az’ﬂz’az,ﬂ’i’dl’dz, 3)+PF(1 7‘1’ rz’az,ﬂ23a4’ﬂ4,ﬂ],ﬂ2’d3);
Fy(ay, ayya)= [ A GGea,) by(a; =)+, a; — )l
=PE,(r, 1y, 0, By, @y, Bss ay, a5, a3)+ PE,(n, 1=y, @, By, ay, Bys a5 ay, a5)
+PE,(1=r, 1, 0y, B,, 05, By, 4y, ay, a3)+ PE, (1=, 1=1, a5, B, @y, Bys 4y, a5, a5)
+PE, (1, 1y, @), By, &, Byy 4y, a5 a5) + PE (1, 1=1,, 4, By, ay, By, 4y, 4y, a5)
+PE (1=, 1, a,, B,, a5, By, 4, a,, a3) + PE(1=r1, 1=1,,a,, By, ay, By, 4y, 4y, a5)
where
PR, 700y s By s )
CRSEHCI B )"
=] ) rexp(=B(a - x))Z—dx
1)' m=0 777
' eXP(—ﬂ ﬂa)w1 S G ,
= - - X ex —B)x)dx ¢,
(a-=1! ,/,Z::Oi:() i\(m—1i)! J“’f“z p((F=P)x)
PE,(r,ra,B,a', B a,,a,,a,)
rB®x” eXP( Bx) o B (ay =) (@ == 1)
= ex a, —x dx
=] iy p(—p(ay - >>; T
' eXP(—ﬂ ﬂz)afl”'“ B (@ =m=Das(=)" e, ,
= : : X ex —B)x)dx ¢,
(o —1)! ;Z} Aom+ 1= i) PP =P))
, .o o B exp(—Px) ,
PE(r, 'y, o', Blyay, ay,a)= [ 2 exp(~(a, — ).
% (a-D! B’
a -D! a— o—
Note that J X! exp(—ﬁx)dxz(aﬁa) ﬁaz)z :)ﬁ “" —exp(—ﬁgl)z :)ﬁ 1if B #0, therefore Iy and
ay m= m= Pl

F> can be computed in closed form.
APPENDIX D: PROOF OF RESULT 3

Let X, Y ~ Er (a, ), independently, then p(X < 5) = 1-¢1(5) = 7. Because 1- ¢1 (Snz) = 1-¢3 (Sng) = wand T = 283 +
25Ne, it is easy to check that Sns B, Sns B, and thus T, are independent of f8

*

For Model N, S, =Sy, =T/4 and

n=0 7 =0

So

BEUS,, =2a exp(-Tp/ 43 LA ﬁ/ L 1B /2 exp(-TB/4) Z(Tﬁ/‘t)”’

m=0 m=0

which is independent of 8 as T3 is independent of B.
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For Model C, we expect S Sg because of identical demands. In this case,

aEUS‘ m ’I 3 S‘ oo ] S‘/// m S‘/// -
=2 exp(-p(T 25,5 P ( ) Zﬁ —exp(- S, )Zﬁ Z,
as‘g m=0 m=0 m=0 '
where

(a —1)! S =D (m—i+a)

“exp(—B(T —25,) A& | B (T -258,) (1)
= _ B ep(-B(TI-25.) {ﬁ( VY™ uiva 3y)m,m]}

If 31 is the optimal solution when 8 = B, it is easy to check that S5 is the optimal solution when = B2 where S5 =
B1531/ B2. Thus the optimal solution (S, S, ) has the following property: S, =5, is independent of f3.

The optimal value of expected units shortage for the IIR case is

55" . (T35, : . T-35,)"
EUS, Zﬂ {— exp(~p(T =25, ))Zﬂ(—> (T =35, )exp(~B(T - 25, ))XZWT)}

m=0 m=0 m=0

(T 3f ” Y*’” g‘*”’ *oxp (-B(T -2.5Y) ezt g+
{%xp( BS)~ exp (B(T-25 >>Zﬁ(—)} [ S oSO }ﬂ p<;[_3(1)1 D5

m=0 m=0 m=0

y {ﬂ’”(a—m—i)(T—zng(—l)’””’ 57— (T—35)7]

a-1
(i N 2
S (m—it+a+1) _(T_3st3 )m z+a+]] + ﬂ exp( ﬂ(T LS ))
HNm+1=D)l(m—i+a+1) )

s (o —1)!

The expression for (EUS.)B as a function of B only has terms like S, and TJ3, which are independent of S.

. EUS, - EUS,
Since (EUS )P is independent of f for both Model N and Model C, the ratio # is independent of f.
AN

APPENDIX E: PROOF THAT UNDER IIE, LARGER THE BUDGET, BIGGER THE SAVINGS

When demands ate IIE distributed, with parameter 3, then, for Model N, it is easy to get the optimal value

EUS, = %exp(—ﬂT /4) ED

For Model C, due to symmetry, we have §; = 5, . By taking the first order derivative when calculating optimal value EUS,

we can have the following relationship for optimal value ‘Y; and T as follows:
exp(—3B5, +BT)=2+BAS, - T) (E2)
and the corresponding objective function is:
EUS; = %QXP(—WE) +exp(—B(T =25)(45;-T)
= %CXP(—ﬁS.;)(Z + Bexp(=B(T =35,))(45, = T))

1 x *
= E(3 exp(=f ;)= 2exp(=B(T =35,))

EUS - EUS’ 1 . . .
Let A= T =1 —E(3exp(—ﬁ(§3 —~T/4)=2exp(—B(3T /4-35,)))

Taking the first order derivative of A with respect to T, we get
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Vk

A lg {3exp(—ﬁ(fi —T/4))(ﬁ—1/4)—26xp(—ﬁ(3T/4—353‘))(3/4—3ﬁ)}

ar 2 dar dar
(E3)

= imﬁ—l)[exp(—ﬁ(f —T/4)+2exp(—B(3T /4=35))]
27 dr 4 ’ ’
Taking derivatives of both sides of Equation (E2) with respect to T, we get
. sy o dSy

~Bexp(=3B5; +BT)(3 0= B(4 D

Thus

sy exp(-3BS, + BT)+1 . 1 4

AT 3exp(—3BS. +BT)+4 4

Now, from (E3) and (E4), we obtain % >0 which implies that .4 increases with T, and hence larger the budget T,

bigger will be the relative benefit from using commonalty #



