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Abstract  Normally, the real-world inventory control problems are imprecisely defined and human interventions are often 
required to solve these decision-making problems. In this paper, a realistic inventory model with imprecise inventory costs 
have been formulated for deteriorating items under trade credit policy within the economic production quantity (EPQ) 
framework. We assume that the supplier would offer the retailer a delay period and the retailer also adopts the trade credit 
policy to stimulate his/her customer demand to develop the retailer's replenishment model for deteriorating items under the 
replenishment  rate is finite. Under these conditions, we model the retailer's inventory system for deteriorating items as a cost 
minimization problem to determine the retailer’s optimal inventory policy. We derive the expressions for the annual total 
inventory cost for the retailer both in the crisp and fuzzy sense. The total variable inventory cost in the fuzzy sense is 
defuzzified using Graded Mean Integration Representation method and it has been proved that there exists a unique optimal 
cycle time to minimize the annual total variable cost for the retailer. In addition, a theorem is developed to efficiently determine 
the optimal ordering policies for the retailer. For easy determination of optimal ordering policies, we have proposed three 
algorithms. Some previously published results of other authors will be special cases of this paper. Finally, numerical examples 
are used to illustrate all results obtained in this paper. Then, as well as, we obtain a lot of managerial insights from numerical 
examples.  
Keywords  EPQ, Fuzzy inventory model, Graded mean integration, Fuzzy annual total variable cost, Fuzzy cost 
coefficients. 
 
1. INTRODUCTION 

The basic EOQ model assumes that the retailer ’s capitals are unrestricting and must be paid for the items as soon as the 
items are received. However, this may not be true. In today's business transactions, it is more and more common to see that 
suppliers usually offer some fixed time periods to the retailers in order to stimulate the demand for the products they produce. 
We term this period as trade credit period. Before the end of the trade credit period, the retailer can sell the goods and 
accumulate revenue and earn interest. A higher interest is charged if the payment is not settled at the end of the trade credit 
period. This brings some economic advantage to the retailers as they may earn some interest from the revenue realized during 
the period of permissible delay. In the real world, the supplier would allow a specified credit period (say, 30 days) to the retailer 
for payment without penalty to stimulate the demand of consumable products. This credit term in financial management is 
denoted as ‘net 30’. The trade credit financing produces two benefits to the supplier: (1) it should attract new customers who 
consider it to be a type of price reduction; and (2) it should cause a reduction in sales outstanding, since some established 
customers will pay more promptly in order to take advantage of trade credit more frequently. In India, gas stations adopted a 
pricing policy that charged less money per gallon to the customer who paid by cash, instead of by a credit card. Likewise, a 
store owner in many China towns around the world usually charges a customer 5% more if the customer pays by a credit card, 
instead of by cash. As a result, the customer must decide which alternative to take when the supplier provides not only a cash 
discount but also a permissible delay.    

One level trade credit financing refers that the supplier would offer the retailer trade credit but the retailer would not offer 
the trade credit to his/her customers. That is, the retailer could sell the goods and accumulate revenue and earn interest within 
the trade credit period but the customer would pay for the items as soon as the items are received from the retailer. Several 
interesting and relevant papers related to one level trade credit financing exist in the literature. Goyal (1985) first studied an 
EOQ model under the condition of permissible delay in payments. Chand and Ward (1987) analyzed Goyal’s (1985) problem 
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under assumptions of the classical EOQ model, obtaining different results. Chung (1989) presented the DCF (discounted cash 
flow) approach for the analysis of the optimal inventory policy in the presence of trade credit. Later, Shinn et al. (1996) 
extended Goyal’s (1985) model and considered quantity discount for freight cost. Shah (1993), Aggarwal and Jaggi (1995) 
considered the inventory model with exponential deterioration rate under the condition of permissible delay in payments. Chu 
et al. (1998) and Chung et al. (2001) also extended Goyal ’s (1985) model for the case of deteriorating items. Liao et al. (2000) 
and Sarker et al. (2000) investigated this topic by introducing inflation rate. Jamal et al. (1997) and Chang and Dye (2001) 
extended this problem where they allowed shortages. Chung (2000) developed an alternative approach to modify Shah’s (1993) 
solution procedure. Chang et al. (2001) extended this problem for the case of linear trend in demand. Shinn and Hwang (2003) 
determined the retailer’s optimal price and order size simultaneously under the condition of order-size-dependent delay in 
payments. They assumed that the length of the credit period is a function of the retailer’s order size, and also the demand rate 
is a function of the selling price. Arcelus et al. (2003) modelled the retailer ’s profit-maximizing retail promotion strategy, when 
confronted with a vendor’s trade promotion offer of credit and/or price discount on the purchase of regular or perishable 
merchandises. Chung and Huang (2003) extended this problem within the EPQ framework and developed an efficient 
procedure to determine the retailers’ optimal ordering policy. Chang et al. (2001) and Chung and Liao (2004) discussed the 
problem of determining the economic order quantity for exponentially deteriorating items under permissible delay in 
payments depending on the ordering quantity. Chang (2004) extended the model with inflation rate and finite time horizon. 
Huang (2004) investigated that the unit selling price and the unit purchasing price are not necessarily equal within the EPQ 
framework under supplier’s trade credit policy.  

All the aforementioned inventory models implicitly assumed one-level trade credit financing. But, in most business 
transactions, this assumption is unrealistic and usually the supplier offers a credit period to the retailer and the retailer, in turn, 
passes on this credit period to his/her customers. For example, in India, the TATA Company can delay the amount of 
purchasing cost until the end of the delay period offered by his supplier. The TATA Company also offers permissible delay 
payment period to his dealership. Recently, researchers developed inventory models under this two-level trade credit financing. 
Huang (2003) assumed that the retailer should also adopt the trade credit policy to stimulate his/her customer demand to 
develop the retailer's replenishment model. In most business transactions, this assumption is debatable. Furthermore, Huang 
(2003) assumed that the retailer’s trade credit period offered by supplier M is not shorter than the customer's trade credit 
period offered by retailer N (M ≥ N). The retailer cannot earn any interest in the situation, M < N.  

Huang (2003) implicitly assume that the inventory level is depleted by customer's demand alone. This assumption is quite 
valid for nonperishable or non-deteriorating inventory items. However, there are numerous types of inventory whose utility 
does not remain constant over time. For example, volatile, liquids, medicines, materials, etc., in which the rate of deterioration 
is very large. In this case, inventory is depleted not only by customer's demand but also by the effect of deterioration. Therefore, 
the loss of items due to deterioration should not be neglected.  

Another unrealistic assumption in Huang (2003) model is the infinite replenishment rate. Huang (2003) assumed that 
products obtained from an outside supplier and the entire lot size was delivered at the same time. In fact, when a product can 
be produced in-house, the replenishment rate is also the production rate, and is hence finite. So, we relax this assumption to 
finite replenishment rate. That is, the well-known economic production quantity (EPQ) framework. This viewpoint can be 
found in Chung and Huang (2003) model.  

In the development of the inventory models discussed earlier, the researchers have assumed that the purchasing cost, the 
selling price, the holding cost and the set-up cost are constants. These kind of assumptions are not always true. It may not be 
possible to specify the values of these cost parameters precisely but they may contain some uncertain values such as “unit 
holding cost is about 1C ”, or “unit purchase cost is approximately 

pC  or more”, etc. In other sense, these parameters may 

contain some uncertain values. For this reason, we consider in our inventory model the holding cost, purchase cost, selling 
price and ordering cost as fuzzy number. 

The main purpose of this paper is to amend the paper of Huang (2003) and Chung and Huang (2003) with a view of making 
their model more relevant and so applicable to practice. Here, we propose a deteriorating inventory model with finite 
replenishment rate under the condition of permissible delay in payments in the fuzzy sense. We also assume that the supplier 
would offer the retailer a delay period and the retailer would also offer the trade credit period to his/her customer. 
Furthermore, the inventory costs namely holding cost, purchase cost, selling price and ordering cost may be flexible with some 
vagueness for their values. In real life situations, all these parameters in an inventory model are uncertain, imprecise and the 
determination of optimum cycle time becomes a non-stochastic vague decision making process. Again, for this type of models, 
statistical estimations proved to be inefficient because of the lack of statistical observations. In this situation, a suitable way to 
model these imprecise data is to use fuzzy sets. The ill-formed vagueness in the above parameters are introduced making them 
fuzzy in nature and then the model is formulated in a fuzzy environment. We use Graded Mean Integration Representation 
method for defuzzifying fuzzy total average cost. At first, this model shows that there exists a unique optimal cycle time to 
minimize the total variable cost per unit time. Then, a theorem is developed to determine the optimal ordering policies and 
consequently three algorithms have been developed. We deduce some previously published results of other authors as special 
cases. Finally, the theorem and the algorithms are illustrated with the help of numerical examples.  
2. PRELIMINARIES 

For achieving computational efficiency, we use the method of defuzzification of a generalized triangular fuzzy number by its 
graded mean integration representation. In 1998, Chen and Hsieh introduced Graded Mean Integration Representation 
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method based on the integral value of graded mean h-level of generalized fuzzy number for defuzzifying generalized fuzzy 
number. Here, we first describe generalized fuzzy number as follows:      

A generalized fuzzy number A~  is described as any fuzzy subset of the real line R , whose membership function )(~ xAµ  

satisfies the following conditions:     
i) )(~ xAµ  is continuous mapping from R  to the closed interval [0, 1],  
ii)  ,0)(~ axxA ≤<∞−=µ       
iii)  )()(~ xLxA =µ   is strictly increasing on [a, b], 
iv) ,)(~ cxbwxA ≤≤=µ  where   ;10 ≤< w       
v) )()(~ xLxA =µ   is strictly increasing on [c, d],     
vi)  .0)(~ ∞<≤= xdxAµ                                                                                                                          

Here a, b, c and d are real numbers. We denote this type of generalized fuzzy number as LRwdcbaA );,,,(~
= . When 1=w , it can 

be simplified as LRdcbaA ),,,(~
= . Let 1−L  and 1−R be the inverse functions of the functions L and R respectively, then the 

graded mean h-level value of generalized fuzzy number LRwdcbaA );,,,(~
=  is 2/))()(( 11 hRhLh −− +  (see figure 1). The Graded 

Mean Integration Representation of A~  is )~(AP  with grade w, where  

dhhdhhRhLhAP
ww

∫∫
−− +

=
00

11

/
2

)()()~( ,   with wh ≤<0  and .10 ≤< w                    (1) 

 

The generalized triangular fuzzy number (GTFN) B~  is a special case of generalized fuzzy number, and be denoted 

as );,,(~ wcbaB = . Its corresponding graded mean integration representation is   

6
4

2/}/)(/)({
)~(

0

0 cba

hdh

dhwhbccwhabah
BP w

w

++
=

−−+−+
=

∫

∫                                                                                                         (2) 

Remark: By formula (2), it is easy to observe that the graded mean integration representation of the GTFN );,,(~ wcbaB =  is 
independent of w. 
When w = 1, it can be simplified as ),,(~ cbaB = . The defuzzification of ),,(~ cbaB =  can be found by centroid or graded mean 
integration method. The centroid of the TFN ),,(~ cbaB =  is 

3
)~( cbaBC ++

=  and the graded mean integration of ),,(~ cbaB =  is 

6
4)~( cbaBP ++

= . The mid-point of the interval [a, c] is
2

baM +
= . Thus  

),(
3
1)~()~( bMBPBC −=−   ),(

3
1)~( bMbBP −=−   and ).(

3
1)~( bMBCM −=−   

(i) If M > b, then .)~()~( cMBCBPba <<<<<   
(ii) If M < b, then .)~()~( cbBPBCMa <<<<<   
(iii) If M = b, then .)~()~( cbBPBCMa <===<  

A~  1

w  

 

 h 

                             0   a  )(1 hL−    b        
2

))()(( 11 hRhLh −− +        c       )(1 hR −   d 

 Figure 1: The graded mean h-level value of generalized fuzzy number LRwdcbaA );,,,(~
=   
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From (i) and (ii), it is clear that )~(BP  is near b, and )~(BC is near M. From figure 2 and 3, we observe that the membership grade 
of B~  at b is 1 and the membership grade of B~  at )~(BP  is greater than that at )~(BC . Then, we have >))~((~ BPBµ ))~((~ BCBµ . 

Property 1:  From the membership grade viewpoint, it will be efficient to defuzzify the fuzzy number B~  by )~(BP   instead of 
)~(BC . 

   

3. ASSUMPTIONS AND NOTATION  

The mathematical model of the inventory system considered in this paper is basically an extension of the work of Huang 

(2003) and Chung and Huang (2003) model and is developed on the basis of the following assumptions and notation: 

(i) Rate of replenishment is finite. 

(ii) D is the annual demand rate, K is the annual production rate, which are assumed to be constant and DK > ,
K
D

−=1ρ                  

(iii) )(1 tq  is the inventory level that changes with time t during production period and )(2 tq  is the inventory level that 

changes with time t during non-production period. 

(iv) A constant fraction θ , assumed to be small, of the on-hand inventory deteriorates per unit time. 
(v) 

1C : inventory holding cost per item per unit time;
0C : the replenishment (ordering) cost per order; 

pC : the unit 

purchase cost; and
sC : the unit selling price per item of good quantity. In fuzzy sense, these quantities may be 

represented as ),,(~
12111111 CC CCCC ∆−∆−= , ),,(~

02000110 CC CCCC ∆−∆−= , ),,(~
21 pppppp CCCC ∆−∆−= , and 

),,(~
21 ssssss CCCC ∆−∆−= . 

(vi) 
eI  is the interest rate earned per year and 

cI  is the interest charged rate in stocks per year by the supplier, where 

≥cI eI . 

(vii) M is the retailer’s trade credit period offered by supplier in years and N is the customer’s trade credit period offered 

by retailer in years. It is assumed that NM ≥ . 

(viii) When MT ≥ , the account is settled at T = M, the retailer pays off all units sold and keeps his/her profits and the 

retailer starts paying for the interest charges on the items in stock with rate 
cI . When MT < , the account is 

settled at time T = M and the retailer does not pay any interest charge. 

(ix) The retailer can accumulate revenue and earn interest after his/her customer pays for the amount of purchasing 

cost to the retailer until the end of the trade credit period offered by the supplier. That is, the retailer can 

accumulate revenue and earn interest during the period N to M with rate 
eI  under the condition of trade credit. 

4. MATHEMATICAL MODEL  

A constant production rate starts at t = 0, and continues up to 
1tt =  where the inventory level reaches the maximum level. 

Production then stops at 
1tt = , and the inventory gradually depletes to zero at the end of the production cycle Tt =  due to 

1 1 

            a                     b           M                                      c            a                           M              b                c  
                               )~()~( BCBP                                                                             )~()~( BPBC  

                          Figure 2: Case M > b                                                                Figure 2: Case M < b 
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deterioration and consumption. Thereafter, during the time interval ),0( 1t , the system is subject to the effect of production, 

demand and deterioration. Then, the change in the inventory level can be described by the following differential equation: 

11
1 0;)(

)( ttDKtq
dt

tdq
≤≤−=+θ ,                                                                                                                                       (3) 

with the initial condition  .0)0(1 =q   

 On the other hand, in the interval ),( 1 Tt , the system is affected by the combined effect of demand and deterioration. 

Hence, the change in the inventory level is governed by the following differential equation:   

,;)(
)(

11
1 TttDtq
dt

tdq
≤≤−=+ θ                                                                                                                                                 (4) 

with the ending condition .0)(2 =Tq  

 The solution of the differential equations (3) and (4) are respectively represented by  

( ) 11 0,1)( tteDKtq t ≤≤−
−

= −θ

θ
                       (5) 

and ( ) .,1)( 1
)(

2
1 TtteDtq tT ≤≤−= −θ

θ
                      (6) 

In addition, using the boundary condition )()( 1211 tqtq = , we obtain the following equations: 

( )( ) ( )11 )( 1 −=−− −− tTt eDeDK θθ                                                                                                                   (7) 

and ( ) .11ln1
1







 −+= Te

K
Dt θ

θ
                           (8) 

The annual total relevant cost consists of the following elements: 

1. Annual ordering cost 
T
C0= . 

2. Annual stock holding cost (excluding interest charges) is 

      ( ) ( )DeTe
T

CKet
T

Cdttqdttq
T
C ttTt

t T

t

111

1

1

)(
2

1
12

1

0
21

1 1)()( θθθ θ
θ

θ
θ

−−− −−+−+=











+= ∫ ∫                                                                   (9) 

Since )()( 1211 tqtq = , which implies equation (9) can be rearranged as follows. Annual stock holding cost (excluding 

interest charges) = ).( 1
1 DTKt
T

C
−

θ
 

3. Annual cost due to deteriorated units ).( 1 DTKt
T

C p −=  

4. According to assumption (viii), there are three cases to occur in interest charged for the items kept in stock per year. 

Case 1. TM ≤  

  Annual interest payable ( ).1)()( )(
22 −−−== −∫ MTe
T
DIC

dttq
T

IC MTcp
T

M

cp θ
θ

θ . 

Case 2. MTN ≤≤  

 In this case, annual interest payable = 0.  

Case 3. NT ≤  

 Similar as case 2, annual interest payable = 0. 

5. According to assumption (ix), three cases will occur in interest earned per year. 

Case 1. TM ≤  (shown in figure 4) 
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Annual interest earned ( ).
2

22 NM
T

DICdtDt
T
IC es

M

N

es −== ∫  

 

 

Case 2. MTN ≤≤ (shown in figure 5) 

Annual interest earned ( )222
2

)( TNMT
T

DIC
TMDTdtDt

T
IC es

T

N

es −−=







−+= ∫ . 

Case 3. NT ≤ (shown in figure 6) 

Annual interest payable  ( ).NMDT
T
IC es −= . 

From the above arguments, the annual total relevant cost for the retailer can be expressed as 

TVC( T ) = ordering cost + stock-holding cost + deterioration cost + interest payable – interest earned.  









≤<
≤≤

≥
=

,0),(
,),(

,),(
)(

3

2

1

NTifTTVC
MTNifTTVC

MTifTTVC
TTVC

 

where =)(1 TTVC
T
C0 )( 1

1 DTKt
T

CC p −
+

+
θ

θ ( )1)()(
2 −−−+ − MTe
T
DIC MTcp θ

θ
θ ( )22

2
NM

T
DIC es −− ,                                                        (11) 

=)(2 TTVC
T
C0 )( 1

1 DTKt
T

CC p −
+

+
θ

θ ( )222
2

TNMT
T

DIC es −−− ,                                                                               (12) 

=)(3 TTVC
T
C0 )( 1

1 DTKt
T

CC p −
+

+
θ

θ ( ).NMDT
T
IC es −−                                                                                                      (13)                     

Inventory costs are normally assumed to be constant but always this is not true. In a perfect competitive market, ordering cost 

0C , unit holding cost 
1C , unit purchase cost 

pC , unit selling price 
sC  etc. per day in a plan period T may fluctuate a little. For 

example, “unit holding cost is around 
1C ”, “unit selling price is about 

sC ”, etc. Suppose these cost parameters ordering cost, 

holding cost, purchase cost, selling price lie in the interval ],[ 020010 CC CC ∆+∆− , ],[ 121111 CC CC ∆+∆− , ],[ 21 CppCpp CC ∆+∆− ,  

],[ 21 CssCss CC ∆+∆− . Similarly, corresponding to these intervals, we get the following fuzzy numbers: 

),,(~
02000100 CC CCCC ∆+∆−= , ),,(~

12111111 CC CCCC ∆+∆−= , ),,(~
21 CpppCppp CCCC ∆+∆−=  and ),,(~

21 CsssCsss CCCC ∆+∆−= . 

    Through (11) – (13), for any T > 0, we get fuzzy total costs  

,,~~~~)(~
14131120111 MTCXCXCXCXTCVT sp ≥−++=                                                                 (14) 

CsDT 

       N        M         T                                        N         T       M                                            T   N       M   

Figure 4: The total accumulation             Figure 5: The accumulation of             Figure 6: The accumulation of interest 

of interest earned when   M ≤ T.            interest earned when   N ≤ T ≤ M.                  earned T ≤ N.                                    

$            $            $            

  CsDT 
  CsDT 

Time Time Time 
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,,~~~~)(~
24231220212 MTNCXCXCXCXTCVT sp ≤≤−++=                                                                (15) 

,0,~~~~)(~
34331320313 NTCXCXCXCXTCVT sp ≤<−++=                                                                (16) 

where 
T

XXX 1
312111 === , 

T
DTtK

XXXXX
θ
−

===== 1
3323322212

,  { }1)()(
2

1
13 −−−+

−
= − MTe

T
DI

T
DTtK

X MTc θ
θθ

θ , 

( )22
14 2

NM
T
DI

X e −= , ( )22
24 2

2
TNMT

T
DI

X e −−=  and )(34 NMDIX e −= .  

Here we assume that ),,(~
121111 CCCC = , ),,(~

020010 CCCC = , ),,(~
21 pppp CCCC = , and ),,(~

21 ssss CCCC =  are nonnegative triangular 

fuzzy numbers, where 
11111 CCC ∆−= , 

12112 CCC ∆+= , 
01001 CCC ∆−= , 

02002 CCC ∆+= , 
11 Cppp CC ∆−= , 

22 Cppp CC ∆+= ,  
11 Csss CC ∆−= ,  

22 Csss CC ∆+= . Then we get )(~
1 TCVT  as  

[ ]114213121202111413112011214113111201111 ,,
6
1)(~

spspsp CXCXCXCXCXCXCXCXCXCXCXCXTCVT −++−++−++= . 

We defuzzify )(~
1 TCVT  by formula (2) and obtain the graded mean integration representation of )(~

1 TCVT  as  

[ ]

( ) { } ( ) )17(,;
2

1)(

)()(4)(
6
1))(~(

224)(
2

3
1

321

114213121202111413112011214113111201111

MTNM
T

DIF
MTe

T
DIF

DTKt
T

FF
T
F

CXCXCXCXCXCXCXCXCXCXCXCXTCVTP

eMTc

spspsp

≥−−−−−+−
+

+=

−+++−+++−++=

− θ
θθ

θ θ

where 
6

4 02001
1

CCC
F

++
= , 

6
4 12111

2
CCC

F
++

= , 
6

4 21
3

ppp CCC
F

++
=  and 

6
4 21

4
sss CCC

F
++

= . 

Similarly, the graded mean integration representation of ))(~( 2 TCVTP  and ))(~( 3 TCVTP  are respectively,  

( ) ( ) ,;2
2

))(~( 224
1

321
2 MTNTNMT

T
DIF

DTKt
T

FF
T
F

TCVTP e ≤≤−−−−
+

+=
θ

θ               (18) 

( ) ( ) .0;))(~( 41
321

3 NTNMDIFDTKt
T

FF
T
F

TCVTP e ≤<−−−
+

+=
θ

θ                                                  (19)  

Thus the total cost in the fuzzy sense based on graded mean integration representation is  










≤<

≤≤

≥

=

,0)),(~(

,)),(~(

,)),(~(

))(~(

3

2

1

NTifTCVTP

MTNifTCVTP

MTifTCVTP

TCVTP
                                                                               (20) 

Where ))(~( 1 TCVTP , ))(~( 2 TCVTP , ))(~( 3 TCVTP  are given by (18), (19), (20). Since =))(~( 1 MCVTP ))(~( 2 MCVTP  and 

=))(~( 2 NCVTP ))(~( 3 NCVTP ,  ))(~( TCVTP  is continuous and well-defined, all ))(~( 1 TCVTP , ))(~( 2 TCVTP , ))(~( 3 TCVTP  and  

))(~( TCVTP  are defined on .0>T  The objective here is to find an optimal cycle time to minimize the total variable cost per unit 

time. For this, the optimal cycle time *
1T , obtained by setting the derivative of equation (17) with respect to T equal to 0, is the 

root of the following equation: 

{ } ( ) .0
2

1
)( 224)()(

2
3

1
132

1 =−++−−+








−
+

+− −− NM
DIF

MeTe
DIF

t
dT
dt

T
FFK

F eMTMTc θθ
θθ

θ θθ                                         (21) 

Equation (21) gives the optimal value of 
1T  of equation (17). Let  

{ } ( ).
2

1
)(

)( 224)()(
2

3
1

132
11 NM

DIF
MeTe

DIF
t

dT
dt

T
FFK

FTf eMTMTc −++−−+








−
+

+−= −− θθ
θθ

θ θθ                      (22) 

 Then both  )(1 Tf  and ))(~( 1 ′TCVTP  have the same sign and domain. We also have 

0
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)( )(
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1
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+
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e DTeIF
dT
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T
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Tf θ

θ
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Where 0
)( 22

1
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>
+

=
ρ
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KeD
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dT
td

T

T . Hence )(1 Tf  is increasing on ),0( ∞ . Also 
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. Hence we see that  
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Provided that 0)0(1 <f . Therefore *
1T  is the unique non-negative solution of (21). If 0)0(1 >f , then (21) has no solution for T. 

     Similarly, the optimal cycle time *
2T , obtained by setting the derivative of equation (18) with respect to T equal to 0, is the 

root of the following equation: 
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Equation (18) is the optimality condition of equation (25). Let  
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and 0
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)( 42
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θ ; if 0>T . Therefore )(2 Tf  is increasing on ),0( ∞ . Evidently, from  
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    Likewise, the optimal cycle time *
3T , obtained by setting the derivative of equation (19) with respect to T equal to 0, is the 

root of the following equation: 
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on ),0( ∞ . Also, 0)0( 13 <−= Ff  and 0)(lim 3 >∞=
∞→

Tf
T

 implies   









∞∈>

==

∈<

)(),(;0

)(;0
)(),0(;0

))(~(

*
3

*
3

*
3

3

cTTif
bTTif
aTTif

dT
TCVTdP                                  (29)  

Also,  
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We have ( ).
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Lemma 1.  

0)( 1
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dT
dt

Ti  and 
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dt

Tt
dT
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==






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Proof.  

Let ,)( 1
1 t

dT
dt

TTh −=  if 0>T , then .0)(
2
1

2

>=′
dT

td
TTh  Hence )(Th  is increasing for all 0>T . Consequently, 0)0()( => hTh  if 

0>T  and also )()( NhMh >  as .NM >  Thus, we have 01
1 >− t

dT
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T  and 
NTMT
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dT
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
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
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
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
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1 . This completes the 

proof. 

Therefore, we have from (33),  .21 ∆>∆  

5. DECISION RULES OF THE OPTIMAL CYCLE TIME *T  

In this section, we develop efficient decision rules to find the optimal cycle time for the retailer. 

Theorem 1.  

(A) If 01 >∆  and 02 ≥∆ , then ))(~())(~( *
33

* TCVTPTCVTP =  and .*
3

* TT =  

(B) If 01 >∆  and 02 <∆ , then ))(~())(~( *
22

* TCVTPTCVTP =  and .*
2

* TT =  

(C) If 01 ≤∆  and 02 <∆ , then ))(~())(~( *
11

* TCVTPTCVTP =  and .*
1

* TT =  

Proof. 

(A) If 01 >∆  and 02 ≥∆ , then we have 0)()( 21 >= MfMf  and ,0)()( 32 ≥= NfNf  i.e. 

0))(~())(~( 21 >′=′ MCVTPMCVTP  and 0))(~())(~( 32 ≥′=′ NCVTPNCVTP . So MT <*
1

, MT <*
2

, NT <*
3

 and NT <*
2

. 
Equation (24), (27) and (29) imply that (i) ))(~( 1 TCVTP  is increasing on ),[ ∞M , (ii) ))(~( 2 TCVTP  is increasing on 

],[ MN , (iii) ))(~( 3 TCVTP  is decreasing on ),0( *
3T  and increasing on  ],[ *

3 NT . Combining (i)-(iii) and equation (20), 
we see that ))(~( TCVTP  is decreasing on ),0( *

3T  and increasing on ),[ *
3 ∞T . Consequently, .*

3
* TT =  

(B) If 01 >∆  and 02 <∆ , then we have 0)()( 21 >= MfMf  and ,0)()( 32 <= NfNf  i.e. 

0))(~())(~( 21 >′=′ MCVTPMCVTP  and 0))(~())(~( 32 <′=′ NCVTPNCVTP . So MT <*
1

, MT <*
2

, NT >*
2

 and NT >*
3

. 
Equation (24), (27) and (29) imply that (i) ))(~( 1 TCVTP  is increasing on ),[ ∞M , (ii) ))(~( 2 TCVTP  is decreasing on 

],[ *
2TN  and increasing on ],[ *

2 MT , (iii) ))(~( 3 TCVTP  is decreasing on ],0[ N . Combining (i)-(iii) and equation (20), it 
can be easily verified that ))(~( TCVTP  is decreasing on ),0( *

2T  and increasing on ),[ *
2 ∞T . Consequently, .*

2
* TT =  

(C) If If 01 ≤∆  and 02 <∆ , then we have 0)()( 21 ≤= MfMf  and ,0)()( 32 <= NfNf  i.e. 

0))(~())(~( 21 ≤′=′ MCVTPMCVTP  and 0))(~())(~( 32 <′=′ NCVTPNCVTP . So MT >*
1

, MT >*
2

, NT >*
2

 and NT >*
3

. 
Equation (24), (27) and (29) imply that (i) ))(~( 1 TCVTP  is decreasing on ],[ *

1TM  and increasing on ),[ *
1 ∞T , (ii) 

))(~( 2 TCVTP  is increasing on ],[ MN , (iii) ))(~( 3 TCVTP  is decreasing on ],0[ N . Combining (i)-(iii) and equation (20), 
we observe that ))(~( TCVTP  is decreasing on ),0( *

1T  and increasing on ),[ *
1 ∞T . Consequently, .*

1
* TT =  

This completes the proof of Theorem 1.  

Using Intermediate value theorem namely “let )(xf  be a continuous function on ],[ ba  and 0)().( <bfaf , then there exists a 
number ),( bac ∈  such that 0)( =cf ”, we can determine the values of *

2
*

1
* ,, TTT  and *

3T  as follows: 

a) Suppose that 01 >∆  and 02 ≥∆ , then  *
3T  exists, *

3
* TT =  and NT << *

30 . Recall that *
3T  denotes the unique root of 

equation (27). Since 
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θ
θ ; if 0>T . 
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Therefore )(3 Tf  is increasing on ),0( ∞ . We see that )()(0)0( 3
*

3313 NfTfFf <=<−= . So 0)().0( 33 <Nff . 
Consequently, we are in a position to outline the algorithm to find *

3T .   

Step 1: Let 0>ε .  

Step 2: Let 0=LT  and NTU = .  

Step 3: Let 
2

UL
opt

TT
T

+
= .  

Step 4: If ε<|)(| 3 optTf , go to Step 6. Otherwise, go to Step 5.  

Step 5: If 0)(3 >optTf , set 
optU TT = . If 0)(3 <optTf , set 

optL TT = . Then go to step 3. 

Step 6: Set 
optTT =*

3
. 

b) Suppose that 01 >∆  and 02 <∆ , then *
2T  exists, *

2
* TT =  and MTN << *

2
. *

2T  denote the root of the equation (25). 

Since ( )224
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then we have 0
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)( 42
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2
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dT
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T

FFK
Tf eθ

θ ; if 0>T . Therefore )(2 Tf  is increasing on ),0( ∞ . We have 

)()(0)( 2
*

222 MfTfNf <=< . Consequently, we are in a position to outline the algorithm to find *
2T . 

Step 1: Let 0>ε .  

Step 2: Let NTL =  and MTU = .  

Step 3: Let 
2

UL
opt

TT
T

+
= .  

Step 4: If ε<|)(| 2 optTf , go to Step 6. Otherwise, go to Step 5.  

Step 5: If 0)(2 >optTf , set 
optU TT = . If 0)(2 <optTf , set 

optL TT = . Then go to step 3. 

Step 6: Set 
optTT =*

2
. 

c) Suppose that 01 ≤∆  and 02 <∆ , then *
1T  exists and *

1
* TT = . *

1T  denote the root of the equation (21). Let  

M
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M
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Then we have the following lemma: 

Lemma 2. Suppose that 01 ≤∆  and 02 <∆ , then MTT U >> *
11

, where UT1
 is given by (35). 

Proof. Since 10 << − Te θ ,  

{ } ( )

.
2

2

.
2

1
)(

)(

22

2
3

1

22
)()(

2
3

1

224)()(
2

3
1

132
11

















−−−+−=









−−−+−>

−++−−+






 −

+
+−=

−−−−−

−−

−−

TTMMcTT

MTMTc

eMTMTc

eNMeeTe
DIF

eFe

NMeTe
DIF

F

NM
DIF

MeTe
DIF

t
dT
dt

T
FFK

FTf

θθθθθθ

θθ

θθ

θ
θθ

θ

θ
θθ

θ

θθ
θθ

θ

 

 Hence )(0)( *
1111 TfTf U => . Since )(1 Tf  is increasing on ),[ ∞M  and )()()( 1

*
1111 MfTfTf U >> , we obtain 

MTT U >> *
11

. Consequently, we have complete the proof.  

By lemma 2, we are in position to outline the algorithm to find *
1T . 
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Step 1: Let 0>ε .  

Step 2: Let MTL =  and U
U TT 1= .  

Step 3: Let 
2

UL
opt

TT
T

+
= .  

Step 4: If ε<|)(| 1 optTf , go to Step 6. Otherwise, go to Step 5.  

Step 5: If 0)(1 >optTf , set 
optU TT = . If 0)(1 <optTf , set 

optL TT = . Then go to step 3. 

Step 6: Set 
optTT =*

1
. 

6. SPECIAL CASES 

In this section, we obtain some previously published results of other authors as special cases.  
6.1) Huang’s model (2003) 
 When the deterioration rate is ignored, there is no deterioration cost: thus by using L’Hospital’s rule, we have  

)(lim 1
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                    (39)  

Moreover, in the crisp sense, when ∞→K  and 
sp CC = , the total variable cost per unit )(TTVC  can be expressed as  
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Where 
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Let ( )[ ]
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ICCD
INIIMDCC
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IDNCC

T
+

+
=

1

2
0*

5

2  and  
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0*
6

2
DC

CT = . Then 0)( * =′
ii TTVC  for 6,5,4=i . Equations 

(40) are consistent with equations (1a-c) in Huang’s model (2003), respectively. Hence, Huang’s model (2003) is a special 
case of this model.  
6.2) Chung and Huang’s model (2003) 
 When 0→θ , using L’Hospital’s rule, we have   
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. In this paper, suppose that N = 0, it means 

that the supplier would offer the retailer a delay period but the retailer would not offer the delay period to his/her 
customer i.e. one level trade credit and 0→θ , i.e. deterioration rate is ignored, then in the crisp sense, using L’Hospital’s 
rule and considering 0=N  and 

sp CC = , equations (11) – (13) yield that  
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Equation (10) will be reduced as follows:  
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. Then 0)( * =′
ii TTVC  for  

9,8,7=i . Equations (44) are consistent with equations (6a-c) in Chuang and Huang model (2003), respectively. Hence, 
Chuang and Huang (2003) model will be a special case of this paper. 
6.3) Goyal’s model (1985) 
 When ∞→→ K,0θ ,  N = 0 and 

sp CC = , let  
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       Equations (45) exactly matches with equations (1) and (4) in Goyal ’s model (1985), respectively. Hence, Goyal’s model     
      (1985) is a special case of this model.  

6.4) Shah’s model (1993) 
 In the crisp case, when ∞→K ,  N = 0 and 

sp CC = , let  
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θ θ .. Equation (10) will be reduced as follows:  
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       Equations (46) is consistent with Shah’s (1993) model. Hence, Shah’s model (1993) is a special case of this model. 
 
7. NUMERICAL EXAMPLES  

To illustrate the results of the proposed model, we solve the following numerical examples. Let unitRsC p /)55,50,45(.~
= , 

unitRsC s /)80,75,70(.~
= , yearunitRsC //)18,15,12(.~

1 = yearRsI c /15.0.= yearRsI e /12.0.= yearM 1.0=  and 
.10.0)02.0(02.0=θ  

Example I: When orderRsC /)160,150,140(.~
0 = , yearunitsD /2500= , yearunitsK /3000=  and yearN 06.0= , then 01 <∆  

and 02 <∆ . The results are given in Table 1. 

Example II: When orderRsC /)160,150,140(.~
0 = , yearunitsD /3000= , yearunitsK /5000=  and yearN 06.0= , then 01 >∆  

and 02 <∆ . The results are given in Table 2.   

Example III: When orderRsC /)55,50,45(.~
0 = , yearunitsD /2500= , yearunitsK /5000=  and yearN 08.0= , then 01 >∆  

and 02 >∆ . The results are given in Table 3. 

 

                                                                 

Table 1: The optimal cycle time and the 
minimum annual total cost with various values 
of θ when 

1∆ < 0 and 
2∆ < 0. 

Cases     θ       
1∆    

2∆      *
1T       ))(~( *

11 TCVTP  

    (i)    0.02    < 0   < 0    0.1202     1181.034  
    (ii)   0.04    < 0   < 0    0.1193     1205.753 
   (iii)   0.06    < 0   < 0    0.1184     1230.252 
   (iv)   0.08    < 0   < 0    0.1174     1254.537                      
   (v)    0.10    < 0   < 0    0.1166     1278.613 

Table 2: The optimal cycle time and the 
minimum annual total cost with various values 
of θ when 

1∆ > 0 and 
2∆ < 0. 

Cases     θ       
1∆    

2∆      *
2T       ))(~( *

22 TCVTP  
(i)      0.02     > 0    < 0   0.0927      1583.655 
(ii)     0.04     > 0    < 0   0.0915      1638.813 
(iii)    0.06     > 0    < 0   0.0904      1693.268 
(iv)    0.08     > 0    < 0   0.0893      1747.047 
(v)     0.10     > 0    < 0   0.0883      1800.174 

Table 3: The optimal cycle time and the 
minimum annual total cost with various values 
of θ when 

1∆ > 0 and 
2∆ > 0. 

Cases     θ       
1∆    

2∆      *
3T       ))(~( *

33 TCVTP  

(i)        0.02    > 0   > 0   0.0757       970.2486 
(ii)       0.04    > 0   > 0   0.0747       1017.262 
(iii)      0.06    > 0   > 0   0.0736       1063.608 
(iv)      0.08    > 0   > 0   0.0726       1109.314 
(v)       0.10    > 0   > 0   0.0717       1154.407 
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     To study the effect of the inventory deteriorating rate on the optimal cost and the optimal cycle time derived by the 

proposed method, we solve the above three examples with various values of θ . The following inference can be made based on 

Tables 1, 2 and 3.  

• When the deterioration rate increases, from Tables 1, 2 and 3, it is observed that, the optimal cost increases whereas 

the optimal cycle time decreases. 

• As the deterioration rate increases, the situation of 01 <∆  and 02 <∆  in Table 1, 01 >∆  and 02 <∆  in Table 2 and 

01 >∆  and 02 >∆  in Table 3 will not changes. Cases (i) – (v) of Tables 1, 2 and 3 show the computed results.  

8. CONCLUSIONS  

 In reality the value or utility of goods decreases over time for deteriorating items, which in turn suggests smaller cycle length. 

In this article, we have developed an EPQ model for deteriorating items in the fuzzy sense where delay in payments for both 

retailer and customer are permissible to reflect realistic situations. We assume that the supplier would offer a trade credit period 

to the customer. The inventory costs namely holding cost, ordering cost, purchasing cost and selling price are assumed as fuzzy 

numbers instead of crisp or probabilistic in nature. First, we investigate the retailer ’s inventory system as a cost minimization 

problem to determine the retailer’s optimal inventory policy. Using Graded Mean Integration Representation method, we have 

defuzzified the fuzzy total variable cost per unit time. From the view point of the costs, decision rules to find the optimal cycle 

time *T contain three cases: (i) NT ≤  (ii) MTN ≤≤  and (iii) MT ≥ . In order to obtain the optimal ordering policy, we 

propose a theorem and three algorithms. With the help of Theorem 1 and corresponding lemmas, simple algorithms are 

provided for obtaining the optimum cycle time and the annual total relevant cost for the retailer. 
In the crisp case, when 0→θ , ∞→K  and 

sp CC = , Huang (2003) can be treated as a special case of this paper. In the crisp 

case, when 0→θ , 0=N  and 
sp CC = , Chung and Huang (2003) can be treated as a special case of this paper. In the crisp case, 

when ∞→K , 0=N  and 
sp CC = , the inventory model discussed in this paper is reduced to Shah (1993) model. In the crisp 

case, when 0→θ , ∞→K , 0=N  and 
sp CC = , the inventory model discussed in this paper is reduced to Goyal (1985) model. 

Some numerical examples are studied to illustrate the theoretical results. To study the effect of θ  on the optimal cycle time 
*T  and on the optimal annual total cost ))(~( *TCVTP , there are some managerial phenomena from Table 1 - Table 3: (i) a 

higher value of deterioration rate causes lower value of cycle time and (ii) a higher value of deterioration rate causes higher 

value of annual total relevant cost. The proposed model can assist the retailer in accurately determining the optimal cycle time 

and the optimal annual total relevant cost. Moreover, the proposed model can be used in inventory control of certain 

deteriorating items such as food items, photographic film, electronic components, radio active materials, and fashionable 

commodities, and others. 

The proposed model can be extended in several ways. For instance, we may extend the constant deterioration rate to a 

two-parameter Weibull distribution. In addition, we could consider the demand as a function of time, selling price, product 

quality, and others. Finally, we could generalize the model to allow for shortages, quantity discounts, and others. 
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