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Abstract ¥4 Normally, the real-world inventory control problems are imprecisely defined and human interventions are often
required to solve these decision-making problems. In this paper, a realistic inventory model with imprecise inventory costs
have been formulated for deteriorating items under trade credit policy within the economic production quantity (EPQ)
framework. We assume that the supplier would offer the retailer a delay period and the retailer also adopts the trade credit
policy to stimulate his/her customer demand to develop the retailer's replenishment model for deteriorating items under the
replenishment rate is finite. Under these conditions, we model the retailer's inventory system for deteriorating items as a cost
minimization problem to determine the retailer’s optimal inventory policy. We derive the expressions for the annual total
inventory cost for the retailer both in the crisp and fuzzy sense. The total variable inventory cost in the fuzzy sense is
defuzzified using Graded Mean Integration Representation method and it has been proved that there exists a unique optimal
cycle time to minimize the annual total variable cost for the retailer. In addition, a theorem is developed to efficiently determine
the optimal ordering policies for the retailer. For easy determination of optimal ordering policies, we have proposed three
algorithms. Some previously published results of other authors will be special cases of this paper. Finally, numerical examples
are used to illustrate all results obtained in this paper. Then, as well as, we obtain a lot of managerial insights from numerical
examples.

Keywords % EPQ, Fuzzy inventory model, Graded mean integration, Fuzzy annual total variable cost, Fuzzy cost
coefficients.

1. INTRODUCTION

The basic EOQ model assumes that the retailer’s capitals are unrestricting and must be paid for the items as soon as the
items are received. However, this may not be true. In today's business transactions, it is more and more common to see that
suppliers usually offer some fixed time periods to the retailers in order to stimulate the demand for the products they produce.
We term this period as trade credit period. Before the end of the trade credit period, the retailer can sell the goods and
accumulate revenue and earn interest. A higher interest is charged if the payment is not settled at the end of the trade credit
period. This brings some economic advantage to the retailers as they may earn some interest from the revenue realized during
the period of permissible delay. In the real world, the supplier would allow a specified credit period (say, 30 days) to the retailer
for payment without penalty to stimulate the demand of consumable products. This credit term in financial management is
denoted as ‘net 30°. The trade credit financing produces two benefits to the supplier: (1) it should attract new customers who
consider it to be a type of price reduction; and (2) it should cause a reduction in sales outstanding, since some established
customers will pay more promptly in order to take advantage of trade credit more frequently. In India, gas stations adopted a
pricing policy that charged less money per gallon to the customer who paid by cash, instead of by a credit card. Likewise, a
store owner in many China towns around the world usually charges a customer 5% more if the customer pays by a credit card,
instead of by cash. As a result, the customer must decide which alternative to take when the supplier provides not only a cash
discount but also a permissible delay.

One level trade credit financing refers that the supplier would offer the retailer trade credit but the retailer would not offer
the trade credit to his/her customers. That is, the retailer could sell the goods and accumulate revenue and earn interest within
the trade credit period but the customer would pay for the items as soon as the items are received from the retailer. Several
interesting and relevant papers related to one level trade credit financing exist in the literature. Goyal (1985) first studied an
EOQ model under the condition of permissible delay in payments. Chand and Ward (1987) analyzed Goyal’s (1985) problem
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under assumptions of the classical EOQ model, obtaining different results. Chung (1989) presented the DCF (discounted cash
flow) approach for the analysis of the optimal inventory policy in the presence of trade credit. Later, Shinn et al. (1996)
extended Goyal’s (1985) model and considered quantity discount for freight cost. Shah (1993), Aggarwal and Jaggi (1995)
considered the inventory model with exponential deterioration rate under the condition of permissible delay in payments. Chu
et al. (1998) and Chung et al. (2001) also extended Goyal’s (1985) model for the case of deteriorating items. Liao et al. (2000)
and Sarker et al. (2000) investigated this topic by introducing inflation rate. Jamal et al. (1997) and Chang and Dye (2001)
extended this problem where they allowed shortages. Chung (2000) developed an alternative approach to modify Shah’s (1993)
solution procedure. Chang et al. (2001) extended this problem for the case of linear trend in demand. Shinn and Hwang (2003)
determined the retailer’s optimal price and order size simultaneously under the condition of order-size-dependent delay in
payments. They assumed that the length of the credit period is a function of the retailer’s order size, and also the demand rate
is a function of the selling price. Arcelus et al. (2003) modelled the retailer’s profit-maximizing retail promotion strategy, when
confronted with a vendor’s trade promotion offer of credit and/or price discount on the purchase of regular or perishable
merchandises. Chung and Huang (2003) extended this problem within the EPQ framework and developed an efficient
procedure to determine the retailers” optimal ordering policy. Chang et al. (2001) and Chung and Liao (2004) discussed the
problem of determining the economic order quantity for exponentially deteriorating items under permissible delay in
payments depending on the ordering quantity. Chang (2004) extended the model with inflation rate and finite time horizon.
Huang (2004) investigated that the unit selling price and the unit purchasing price are not necessarily equal within the EPQ
framework under supplier’s trade credit policy.

All the aforementioned inventory models implicitly assumed one-level trade credit financing. But, in most business
transactions, this assumption is unrealistic and usually the supplier offers a credit period to the retailer and the retailer, in turn,
passes on this credit period to his/her customers. For example, in India, the TATA Company can delay the amount of
purchasing cost until the end of the delay period offered by his supplier. The TATA Company also offers permissible delay
payment period to his dealership. Recently, researchers developed inventory models under this two-level trade credit financing.
Huang (2003) assumed that the retailer should also adopt the trade credit policy to stimulate his/her customer demand to
develop the retailer's replenishment model. In most business transactions, this assumption is debatable. Furthermore, Huang
(2003) assumed that the retailer’s trade credit period offered by supplier M is not shorter than the customer's trade credit
period offered by retailer N (M > N). The retailer cannot earn any interest in the situation, M < N.

Huang (2003) implicitly assume that the inventory level is depleted by customer's demand alone. This assumption is quite
valid for nonperishable or non-deteriorating inventory items. However, there are numerous types of inventory whose utility
does not remain constant over time. For example, volatile, liquids, medicines, materials, etc., in which the rate of deterioration
is very large. In this case, inventory is depleted not only by customer's demand but also by the effect of deterioration. Therefore,
the loss of items due to deterioration should not be neglected.

Another unrealistic assumption in Huang (2003) model is the infinite replenishment rate. Huang (2003) assumed that
products obtained from an outside supplier and the entire lot size was delivered at the same time. In fact, when a product can
be produced in-house, the replenishment rate is also the production rate, and is hence finite. So, we relax this assumption to
finite replenishment rate. That is, the well-known economic production quantity (EPQ) framework. This viewpoint can be
found in Chung and Huang (2003) model.

In the development of the inventory models discussed earlier, the researchers have assumed that the purchasing cost, the
selling price, the holding cost and the set-up cost are constants. These kind of assumptions are not always true. It may not be
possible to specify the values of these cost parameters precisely but they may contain some uncertain values such as “unit
holding cost is about C,”, or “unit purchase cost is approximately C, or more”, etc. In other sense, these parameters may

contain some uncertain values. For this reason, we consider in our inventory model the holding cost, purchase cost, selling
price and ordering cost as fuzzy number.

The main purpose of this paper is to amend the paper of Huang (2003) and Chung and Huang (2003) with a view of making
their model more relevant and so applicable to practice. Here, we propose a deteriorating inventory model with finite
replenishment rate under the condition of permissible delay in payments in the fuzzy sense. We also assume that the supplier
would offer the retailer a delay period and the retailer would also offer the trade credit period to his/her customer.
Furthermore, the inventory costs namely holding cost, purchase cost, selling price and ordering cost may be flexible with some
vagueness for their values. In real life situations, all these parameters in an inventory model are uncertain, imprecise and the
determination of optimum cycle time becomes a non-stochastic vague decision making process. Again, for this type of models,
statistical estimations proved to be inefficient because of the lack of statistical observations. In this situation, a suitable way to
model these imprecise data is to use fuzzy sets. The ill-formed vagueness in the above parameters are introduced making them
fuzzy in nature and then the model is formulated in a fuzzy environment. We use Graded Mean Integration Representation
method for defuzzifying fuzzy total average cost. At first, this model shows that there exists a unique optimal cycle time to
minimize the total variable cost per unit time. Then, a theorem is developed to determine the optimal ordering policies and
consequently three algorithms have been developed. We deduce some previously published results of other authors as special
cases. Finally, the theorem and the algorithms are illustrated with the help of numerical examples.

2. PRELIMINARIES

For achieving computational efficiency, we use the method of defuzzification of a generalized triangular fuzzy number by its

graded mean integration representation. In 1998, Chen and Hsieh introduced Graded Mean Integration Representation
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method based on the integral value of graded mean h-level of generalized fuzzy number for defuzzifying generalized fuzzy
number. Here, we first describe generalized fuzzy number as follows:
A generalized fuzzy number A is described as any fuzzy subset of the real line R, whose membership function M (X)

satisfies the following conditions:
i) m; (X) is continuous mapping from R to the closed interval [0, 1],

i) m()=0 -¥<x£fa

iii) mz\(x) = (x) Is strictly increasing on [a, b],

V) m(x)=w bExEc, Where 0<wEl

V) m; (X) = L(X) is strictly increasing on [c, d],

Vi) m(x)=0 dEX<¥.
Here a, b, ¢ and d are real numbers. We denote this type of generalized fuzzy number as A = (a,b, ¢, d; w) = Whenw =1, it can
be simplified as A = (a,b,c,d) - Let L' and R *be the inverse functions of the functions L and R respectively, then the
graded mean h-level value of generalized fuzzy number A = (a,b,c,d;w) = 18 h(L'*(h)+ R *(h))/2 (see figure 1). The Graded

Mean Integration Representation of A is P(,&) with grade w, where

P(A):Vé]tl(hHR-l(h) |h/véj1dhr with 0<h£w and O<w£1. 1)
0 2 0

A

v

0 allh b h(L’l<h>2+R’l<h>> ¢ Rh) d

Figure 1: The graded mean h-level value of generalized fuzzy number A = (a,b,c,d;w) R

The generalized triangular fuzzy number (GTFN) B is a special case of generalized fuzzy number, and be denoted

as B = (a,b,c;w) . Its corresponding graded mean integration representation is

gia+(b- ah/w+c- (c- b)h/wh/2dh

P(B) = 9 _atdb+c 2

6

Ohdh
0
Remark: By formula (2), it is easy to observe that the graded mean integration representation of the GTFN B = (a,b,c;w) is

independent of w.
When w = 1, it can be simplified as B = (a, b, c). The defuzzification of B = (a,b,c) can be found by centroid or graded mean

integration method. The centroid of the TFN B = (a,b,c) is C(E) _at b+c and the graded mean integration of B = (a,b,c) is
3
pB) = 2% 46b *C. The mid-point of the interval [a, ¢] is p; = @ ; b. Thus

C(B)- P(E):%(M -b), P(B)- b:%(M ), ad . C(I§)=%(M - b).

()  HM>b then a<p<P(B)<C(B)<M <c.
(i)  IfM<b,then a<Mm <c(B)<P(B)<b<c.
(iiiy 1fM=b,then a<m =c(B)=P(B) =b<c.
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From (i) and (i), it is clear that p(B) is near b, and c(B)is near M. From figure 2 and 3, we observe that the membership grade
of B at b is 1 and the membership grade of B at P(B) is greater than that atc(B). Then, we have m, (P(8)) > m, (C(B))-

Property 1: From the membership grade viewpoint, it will be efficient to defuzzify the fuzzy number B by p(B) instead of
C(B)

|

0 A N

P(B) C(B) C(B) P(B)
Fiaure 2: Case M > b Fiaure 2: Case M < b

3. ASSUMPTIONS AND NOTATION

The mathematical model of the inventory system considered in this paper is basically an extension of the work of Huang
(2003) and Chung and Huang (2003) model and is developed on the basis of the following assumptions and notation:

(i) Rate of replenishment is finite.

D

(i) D isthe annual demand rate, K is the annual production rate, which are assumed to be constant and k>p,y =1-

(iii) gy (t) is the inventory level that changes with time t during production period and q,(t) is the inventory level that
changes with time t during non-production period.

(iv) A constant fraction g, assumed to be small, of the on-hand inventory deteriorates per unit time.

(v) ¢, inventory holding cost per item per unit time; c,: the replenishment (ordering) cost per order; o the unit
purchase cost; and c_: the unit selling price per item of good quantity. In fuzzy sense, these quantities may be

represented as 61 =(C,- Diy,Cy, €, - Deyp) 60 =(C;- DeuiCo, Co - D) ép = (Cp - Du.C,. C, - DpZ) , and

"
C,=(C,- Dy.C,.C,- D)

(vi) 1, is the interest rate earned per year and |_ is the interest charged rate in stocks per year by the supplier, where
1,31,

(vii) M is the retailer’s trade credit period offered by supplier in years and N is the customer’s trade credit period offered
by retailer in years. It is assumed that M 3 N.

(viii) When T3 M, the account is settled at T = M, the retailer pays off all units sold and keeps his/her profits and the
retailer starts paying for the interest charges on the items in stock with rate | . When T <M, the account is
settled at time T = M and the retailer does not pay any interest charge.

(ix) The retailer can accumulate revenue and earn interest after his/her customer pays for the amount of purchasing
cost to the retailer until the end of the trade credit period offered by the supplier. That is, the retailer can
accumulate revenue and earn interest during the period N to M with rate | under the condition of trade credit.

4. MATHEMATICAL MODEL

A constant production rate starts at t = 0, and continues up to ¢ =t, where the inventory level reaches the maximum level.

Production then stops at t =t,, and the inventory gradually depletes to zero at the end of the production cycle t =T due to
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deterioration and consumption. Thereafter, during the time interval (g, t,), the system is subject to the effect of production,

demand and deterioration. Then, the change in the inventory level can be described by the following differential equation:

%m q)=K-D; OEft£t,; ®)
with the initial condition ¢, (0)=o0.
On the other hand, in the interval (t,,T) the system is affected by the combined effect of demand and deterioration.

Hence, the change in the inventory level is governed by the following differential equation:

Lqét(t) +qa)=-D; 4 ELET, @)

with the ending condition q,(T)=0.

The solution of the differential equations (3) and (4) are respectively represented by

a®=""Ph- en) ozt ©)
d _D(arw 6
and q,(t)=—|¢ -1), 4L EtET. (6)
q

In addition, using the boundary condition q (t,) =g, (t,) , We obtain the following equations:
(- D)i- €)= D™ - 1) ()
and ¢, ZEIn}1+9(eqT - 8)

g1 K

The annual total relevant cost consists of the following elements:
: C,
1. Annual ordering cost = e

2. Annual stock holding cost (excluding interest charges) is

Cl
q°T

gt +e - 1K + S (@ qT-€%)D ©)
qT

2

c é T u
= 2280 (D)t + Cp, (t)dta=
T Bo 4 o
Since g, (t,) = q,(t,), which implies equation (9) can be rearranged as follows. Annual stock holding cost (excluding

interest charges) :&(Kt - DT).
qT "

3. Annual cost due to deteriorated units — &(KH - DT).
T

4. According to assumption (viii), there are three cases to occur in interest charged for the items kept in stock per year.

Casel. M ET

Annual interest payable :%}ﬁz (t)ct = w(eq M (T - M)- 1)
L T
Case2. NETEM
In this case, annual interest payable = 0.
Case3. TEN
Similar as case 2, annual interest payable = 0.
5. According to assumption (ix), three cases will occur in interest earned per year.

Casel. M £T (shown in figure 4)
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. M
Annual interest earned _ Csle Pt dt = CsleeD (M?- n?)
N

$ $
A A A
COT CDT
: cDT ’
> Time —  Time »  Time
N M T N T M TN M
Figure 4: The total accumulation Figure 5: The accumulation of Figure 6: The accumulation of interest
of interest earned when M <T. interest earned when N <T <M. earned T < N.

Case 2. N £T £ M (shown in figure 5)

AT
Annual interest earned = % gd)t dt+DT(M-T)
T &

C.I,D
2T

(2mT - N2-T2).

e ey enid

Case 3. T £ N (shown in figure 6)

Annual interest payable C_srle DT(M - N)

From the above arguments, the annual total relevant cost for the retailer can be expressed as

TVC(T) = ordering cost + stock-holding cost + deterioration cost + interest payable — interest earned.

{TVC,(T),  if T3 M,
TVC(T) ={TVC,(T), if NETEM,
iTvC,(T),  if O<TEN,

where TVC,(T) = & C.+q Cp R +CPICD aTM g (T-M)-1) - C.!.D M2- N2) (11)
(M= 22 P (k- D)+ 2@ (T M)- 1) - = (e )

TVC,(T) = % +701;OT'C“ (Kt, - DT) - CSZI_FD(ZMT- NZ-T2): (12)

TVC,(T) = % +7C1;?rc" (Kt, - DT) - %DT(M - N) (13)

Inventory costs are normally assumed to be constant but always this is not true. In a perfect competitive market, ordering cost
C,» Unit holding cost c,, unit purchase cost C,: unit selling price c_ etc. per day in a plan period T may fluctuate a little. For
example, “unit holding cost is around ¢,”, “unit selling price is about c_”, etc. Suppose these cost parameters ordering cost,
holding cost, purchase cost, selling price lie in the interval [Co - Deoss Co + Degl s [Cy - Deyy i €y +Beyp]s [C, - Dy, C, + Dl
[C, - Dgy,C, +Dg,] - Similarly, corresponding to these intervals, we get the following fuzzy numbers:
C.50 =(Co - Deo1s Co: Co + Degp) 1 61 =(C, - Dy, Gy, Gy +Deyp): Ep =(Cp - DCpl’Cp’Cp + DCpZ) and 65 =(Cs - Deg, C, C; + Degp) -
Through (11) — (13), for any T > 0, we get fuzzy total costs
T\7C1(T) = Xuéo + xlzél + X136p h x14651 T M, (14)
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TVC,(T) = XCo + XC, + X5C, - X5C,,  NETEM, (15)

TVC,(T) = X,Co + X5,C, + X5C, - X,C.,  O<TEN, (16)
1 Kt, - DT Kt,- DT 1.Df

where Xll:xﬂ:xﬂ:? ' X12=X22=X32=X23=X33=1qi_|_ ' )(13:1(171_ q T{q(T M)'Q(T'M)'l} '

XMZ%(MZ- NZ)s X, = IzrD (2MT - N2-T2)and X, =1.D(M - N).

Here we assume that ¢ =(c,,c, C,) C, =(C,,C,, Cy) C,=(C ,C,) and ¢ =(c,, c,, c,) are nonnegative triangular

o ©
fUZZy nUmberS, where Cu=Ci- Doy Cp =C+Dgpr Cou =Co- Doyt Cop =Cp + Dy Cpl = Cp - D,

C,, =C,+D,, Thenwe get TVC, (T) as

1 C, =C, +D

o2’ Ca =C- Doy

pl

~ 1
TVC,(T) = g[xncm +XpCp * X13Cp1 - XuCqy XyyCo + X,Cy + X13Cp - XuCs XyCpp + X1,Cpp + X13sz - X14Csl]'

We defuzzify Tvc, (T) by formula (2) and obtain the graded mean integration representation of Tvc, (T) as

P(TVC (T)) - 7[(X11C01 + X12C11 + X13C X14CSZ) +4(X11C0 + X12C1 + X13Cp - XlACS) +( X11C02 + X12C12 + XlSCpZ - X14C51)]

F,l

q°TD{eq<T W q(T- M)-1}- F“Z'TED( SN2} Ta M, 17)

SRRt o)
qT

T
where _Cp +4C, +Cy, _C, +4C, +C,, _ Cn +4C, +C,, and _Cy+4C +C,,
P = 6 R = 6 F= 6 Fa= 6

Similarly, the graded mean integration representation of p(Tvc,(T)) and P(TVC,(T)) are respectively,

P(TVC,(T)) = Kt, - DT)- 742 omr- N?-T2) NETEM, (18)

1+F2+qF3(
qT

Kt, - DT)- F,1,D(M - N);, O<TEN. (19)

P(VE, (1) =22 22

Thus the total cost in the fuzzy sense based on graded mean integration representation is

IP(TVC,(T)), it T2 M,
P(TVC(T)) :} P(TVC,(T)), if NETEM,
{P(IVC,(T)),  if O<TEN,

(20)

Where p(TVC,(T)) » P(TVC,(T)) » P(TVC,(T)) are given by (18), (19), (20). Since p(TVC,(M))= P(TVC,(M)) and
P(TVC,(N)) = P(TVC,(N)), P(TVC(T)) is continuous and well-defined, all p(TvC,(T)), P(TVC,(T)), P(TVC,(T)) and
P(TVC(T)) are defined on T >0. The objective here is to find an optimal cycle time to minimize the total variable cost per unit
time. For this, the optimal cycle time T, obtained by setting the derivative of equation (17) with respect to T equal to 0, is the
root of the following equation:
K(F +qF)| dt, tu F3ICD
a e "

Equation (21) gives the optimal value of T, of equation (17). Let

{qTeq(T M) i) g M +1}+ F4|2eD(M N2)=0. (22)

LK 4R dy

U F1.D
f = 3'c
1(T) % dT q {

tlg [ Ted ™M) _ gdTM) g M +1}+ F4|2eD (M 2 Nz). (22)

Then both (1) and p(r\7c1(r))¢ have the same sign and domain. We also have

2
f1¢(|-) M jTtl +F,l DT(EQ(T M >0 if T>0, )

q
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Where d”t, _  DKge™r > - Hence £ (r) isincreasing on (0,¥). Also
dT? (De"" +Kr)?

f(0)=-F.- F;ICD{e,qM - 1+q M}+ F4|29D (M 2 Nz) and lim £,(T) =¥ >0- Hence we see that

2

- i<o if TI(OT)) (a) 24
W}_:q it T=T; (b) o
1>0 if TT(T,,¥%) (©)

Provided that f (0) <0- Therefore T is the unique non-negative solution of (21). If £, (0) > 0, then (21) has no solution for T.
Similarly, the optimal cycle time T, obtained by setting the derivative of equation (18) with respect to T equal to 0, is the

root of the following equation:

LK raF)lodt,

I l.;.|_'_|:4|9D(-|-2_Nz):Q (25)
q 7odT

tlg 2

- F1

Equation (18) is the optimality condition of equation (25). Let

_ L K(R+gF)idy, g FlD(, (26)
f =-F+——=5{T—=-1t —=—\T°-N
z(r) 1+ q % dT 1{V)+ 2 ( )

and f2¢(|.) _ K(F, +q F3)T%+ F,1,DT >0 if T>0. Therefore f,(T) is increasing on (o, ¥) . Evidently, from

~ FJDN? _ and | - we have
O=F- =g <0 m =¥ >0
- i<o if TT (OT,) @) 27
%}:q it T=T, (b) “
10 if T (T, ¥) (c)

Likewise, the optimal cycle time T., obtained by setting the derivative of equation (19) with respect to T equal to 0, is the

root of the following equation:

JK(F+qR)idy G (28)

-F - t,y=0.
' q {ar

Let ¢ ry=-F + K(F, +q Fs)‘hﬁ_ ¢ U, we have ¢ &) K(F,+q F) L d*t _ v if T >0. Therefore f,(T) s increasing
¢ ! q iodT 1% ¢ q T2

on (0, ¥). Also, f,(0)=-F, <0 and l'@@ f,(T)=¥ >0 implies

- i<o, if TT(0T,) (@ o
w;:(x if T=T3* () (29)
1>0 it TT(T,,¥%) ©
Also,
Vi DTV _ftM)_f,(M) _ B, and o DTV _fL(N) _ f,(N) _ D, | (30)
¢= ¢= = =—1 = = = =2
P(TVC,(M))¢=P(TVC,(M)) VE VERREVE: P(TVC,(N))¢= P(TVC,(N))¢ N? NZ  NZ
Where , - g KEFAR)L A 00 FalD e ) (31)
1 1 q % ar - * -
And g __p 4 K(F, +q F;) }T da, .o . (32)

a  1ar
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:K(Fz"'qu):,S?rﬁ_tlg _a?‘rdtl 0 l:'+F4|eD(M2_N2). (33)

We have
: ¢ -t
qa {6 dT g, &dT gp 2

Dl' Dz

Lemma 1.

i) TSi.g>0and gy Fh 0 {0
dT & dr gy e dT Br-n

Proof.

Let hery . t,, f T>0,then pe)=7 d*t, > 0. Hence n(T) isincreasing for all T >0. Consequently, h(T)>h(0) =0 if
ar ar?

T>0and also h(M)>h(N) @ M >N. Thus,we have 19 | Sgand & dt 6 _esdy 0 . Thiscompletes the
ar Ear g, &ar

or Br-n
proof.

Therefore, we have from (33), C, >D,.
5. DECISION RULES OF THE OPTIMAL CYCLE TIME T°

In this section, we develop efficient decision rules to find the optimal cycle time for the retailer.

Theorem 1.
(A) If D, >0 and p, 3 0, then P(TVC(T")) = P(TVC,(T,)) and T =T;.
(B) If p, >0 and p, <0, then P(TVC(T")) = P(TVC,(T;)) and T =T,

(©) If p,£0and p, <0, then POTVC(T")) = P(TVC,(T,)) and T* =T,

Proof.
(A If p>0 ad p,30 , then we have fmM)=f,M)>0 and f,(N)=f,(N)30, &
P(TVC,(M))¢= P(TVC,(M))¢>0 and P(TVC,(N))¢= P(TVC,(N))¢* 0- SO T, <M, T, <M, T, <N and T, <N.
Equation (24), (27) and (29) imply that (i) p(TvcC,(T)) is increasing on [M,¥), (i) P(TVC,(T)) is increasing on
[N, M1, (i) p(Tvic,(T)) is decreasing on (0,T,) and increasing on [T, N]. Combining (i)-(iii) and equation (20),
we see that p(r\7c(r)) is decreasing on (0,T1,) and increasing on [T, ,¥)- Consequently, T- =T,.
B) f p>0 ad p,<o0 , then we have f(M)=f,(M)>0 and f,(N) = f,(N) <0, ie.

P(TVC, (M))¢= P(TVC,(M))¢> 0 and P(TVC, (N))¢= P(TVC,(N))¢<0. SO T, <M, T; <M, T, >N and T, > N.
Equation (24), (27) and (29) imply that (i) p(TvC,(T)) is increasing on [M,¥), (i) P(TVC,(T)) is decreasing on
[N,T,] and increasing on [T, ,Mm], (iii) P(TVC,(T)) is decreasing on [0, N]. Combining (i)-(iii) and equation (20), it
can be easily verified that p(r\7c(r)) is decreasing on (0,T, ) and increasing on [T, ¥). Consequently, T* =T,

(C) If If pego and p,<0 , then we have fmM)=f,(M)£E0 and f,(N)=f,(N)<O, I&
P(TVC, (M))¢= P(TVC, (M))¢£ 0 and P(TVC, (N))¢= P(TVC,(N))¢<0- SO T, >M, T, >M, T, >N and T, >N .
Equation (24), (27) and (29) imply that (i) p(TvC,(T)) is decreasing on [M,T,'] and increasing on [T, ,¥), (ii)
P(TVC, (T)) is increasing on [N, M1, (iii) P(TVC,(T)) is decreasing on [0, N]. Combining (i)-(iii) and equation (20),
we observe that pm?c(r)) is decreasing on 0,T1) and increasing on [T, ,¥). Consequently, T* =T/,

This completes the proof of Theorem 1.

Using Intermediate value theorem namely “let f(x) be a continuous function on [a,b] and f (a).f (b) <0, then there exists a
number ¢l (a,b) such that f(c) =0, we can determine the values of 7*, 7, T, and 1, as follows:
a) Supposethat p, >0 and p, 3 0,then T, exists, T" =7, and 0<T, <N Recall that T, denotes the unique root of

equation (27). Since ¢ ()= _F SKEAAR) I U we have ¢ &= K(F,+qF) L d*t _ 1 if T>0.
: : tar : q dr?
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Therefore ¢ () is increasing on (0,¥). We see that f (0)=-F, <0=f,(T;)< f,(N) . SO f,(0).f,(N)<O -
Consequently, we are in a position to outline the algorithm to find T
Step 1: Let e > 0.

Step 2: Let T_ =0 and T, =N-

Step 3: Let 1 Sty
B 2

Step 40 1f | £, (T, ) l<e goto Step 6. Otherwise, go to Step 5.
Step 5: If fo(Ty) >0, ST, =T, If f 2Ty ) <0: €t T =T . Then go to step 3.
Step 6: Set T, =T

b) Suppose that p, >0 and p, <0, then T, exists, T =T, and N <T, <M . T, denote the root of the equation (25).

Since fZ(T):-F1+K(F2 +q Fs) i’T U F,1.D (T Nz), (34)
q

T ¥
then we have f2¢(T) _ K(F, +q F3)T j—:—tzl +F,1,DT >0 If T >0. Therefore f,(T) is increasing on (o, ¥). We have
f,(N)<0= f,(T,) < f,(M)- Consequently, we are in a position to outline the algorithm to find T,

Step 1: Let e > 0.

Step 2: Let T =N and T, =M.

Step 3 Let 1 T+
o
2

Step 4: If | f,(Ty) <e g0 to Step 6. Otherwise, go to Step 5.

Step 5: If f,(Toe) >0, SEL T, =T,

opt *

f fo(To) <0/ SEET =T, . Then go to step 3.
Step 6: Set T, =T
¢) Suppose that o, £0 and o, <0, then T existsand T* =T,. T, denote the root of the equation (21). Let

20°F, +2F;1 .De™ +29°M +q N’ (35)

TV =
! AF,1 . De’™

Then we have the following lemma:

Lemma 2. Suppose that D,£0 and D, <0, then T >T, >M , where TY is given by (35).

Proof. Since 0<e ™ <1,

K(F,+qgF,)i F,I.D D
f(T)=-F,+ (F,+q 3)iTﬁ-t1u D {qTeq(T M) _ ga(T-M) qM+]}+ (Mz_ NZ).
q iodr % 2
>-F, +F3|°D!qTeq” M) | ga(T-M) i
2
q
F,l.Dee q i

—eqT|- Fed+-3°= que“‘“"-eC|M - gMe T -
1

e q %
Hence f (T”)>0=f,/(T,) . Since f (T) is increasing on [m,¥) and f (TY)> f (T,)> f, (M), we obtain
T >T, >M . Consequently, we have complete the proof.

By lemma 2, we are in position to outline the algorithm to find T
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6.

Step 1: Let e > 0.

Step 2: Let T, =M and T, =TY.

Step 3: Let 1 Sty
B 2

Step 4: If | f,(To,) l<e 9o to Step 6. Otherwise, go to Step 5.

Step 5: If f,(T,,) >0, S€t T, =T,

opt ’

A £(T,,) <0 set 7 =T_,. Then go to step 3.
Step 6: Set T =T,

SPECIAL CASES

In this section, we obtain some previously published results of other authors as special cases.

6.1) Huang* model (2003)
When the deterioration rate is ignored, there is no deterioration cost: thus by using L’Hospital’s rule, we have

éC, , Gi+a G, ColeD(qmm (AN VERNTA
L'é'B'ST + ot (Kt,- DT) +—5— 4T (e a(T-M)-1) - p (M2- N )H
_C,,DTC ;1 Cyl,D(T-M)" C,I.D(M*-N?), (37)
T 2 2T 2T
&, C+ qC c,I.D , 12\0_C,.DTGr Cyl.D - (38)
e+ = (K- D7) e (OMT- N T)H—?+ : e (oMT- N2-T2)
,G+aG, .G . DTar ] (39)
t|1|®08'|' o7 (Ke- DT LD (M NJ=2 422l o (M- N)

Moreover, in the crisp sense, when K ® ¥ and C,=C, the total variable cost per unit Tvc(T) can be expressed as
iTVC,(T), if T3 M,

TVC(T) ={TVC,(T), if NETEM, (40)
Irve,m),  ifo<TEN,

Where 1 _C,  DTC ,r C,I.D(T-M)? _C,l.D(M 2. N?) (1)

T 2 2T 2T

TV<35:%+DT2Clr CZITD(ZMT NZ- T2) (42)
VG, = °+DTC1r--CID(M N) (43)

Let T = 2C, +CpD[M (I,- 1)+ N2|eJ, T = 2C,+C,DN’I, and = 2C, . Then TVC.((F*) _o for i =4 5,6. Equations

‘ D(C, +C,l.) *\ ple+cl) " \pg

(40) are consistent with equations (1a-c) in Huang’s model (2003), respectively. Hence, Huang’s model (2003) is a special
case of this model.
6.2) Chung and Huang* model (2003)

When q ® 0, using L’Hospital’s rule, we have

limt, =lim™ 142 e )g o & tim, =tim> 1+ 5 - )g DM In this paper, suppose that N =, it mezns
59g 59g

that the suppller Would offer the retailer a delay perlod but the retailer would not offer the delay period to his/her
customer i.e. one level trade credit and q ® 0, i.e. deterioration rate is ignored, then in the crisp sense, using L’Hospital’s
rule and considering N =0 and C,=C, equations (11) — (13) yield that

Cl.r adT?> KM? 9. CpleEEDM o

lim Ve M = o+ 2T R ==TvC,m)
S

imTve,m = 2+ DTGr, Cole g MYG Gl g0y, 2N

q®0 @

I|mTV03(T)—g DTZQr C;'eaDZT +DT(M - T)——TVCg(T)

Equation (10) will be reduced as follows:
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fTVC,(T), T3 %,

i (44)
TVC(T) ={TVC,(T), ifMET 5%,

|
iTVG,(T), if 0<TEM,

Let . _ [2G,+DM*C(I,- 1)- KM'C,l, | . _ [2G,+DM’C,(I,- 1) and . _ [ 26, . Then 1vc'(r)=o for
! oric.+C,l,) e plcr +c,l.) ® \D(Cr +C,l,)

i =7,8 9. Equations (44) are consistent with equations (6a-c) in Chuang and Huang model (2003), respectively. Hence,

Chuang and Huang (2003) model will be a special case of this paper.
6.3) Goyals model (1985)
Whenge o0, k® ¥, N=0and C, :Cs,let

2 2 2 ..
TVQO(F)=E+DTC1+C"|°D(T M )_ C,l.abM?0 9

DTC, T . |2c,+DMC (1, - 1)
0 ¢ ve,m=%4+PTG ¢ pF- T8 12 [% plle” e
T 2 a1 T % 2 5 Q=g Gl £ 25 o plc +c,l,)

and T 2C, . Then 1vg(r) =0 for i =10,11. Equation (10) will be reduced as follows:
“\DE*C, L)

vem) = oo T M, (45)
iTVC,(T), ifO<TEM,
Equations (45) exactly matches with equations (1) and (4) in Goyal’s model (1985), respectively. Hence, Goyal’s model
(1985) is a special case of this model.
6.4) Shah*s model (1993)

In the crisp case, when Kk ® ¥, N =0and C, =C, let

2Co, GHACID o 1) Sl Pl ger - wy- b SolePM,
TVC,(1) = 4= 2 (o - 1- a2 a(r- - - =
TVG(T) :%+(Q+?CP)D(@T_ 1- qT)_ cpIeDgf\/l _ T4.. Equation (10) will be reduced as follows:
QT & 2g
; g
Tvey =) Ve (M. T M, (46)

TTVC,(T), ifO<TEM,
Equations (46) is consistent with Shah’s (1993) model. Hence, Shah’s model (1993) is a special case of this model.

7. NUMERICAL EXAMPLES

To illustrate the results of the proposed model, we solve the following numerical examples. Let ép = Rs, (45,50,55) / unit »
C.=Rs(70,7580)/unit , C,=Rs(121518)/unit/year |, =Rs0.15/year | ,=Rs0.12/year M =0.1year and
q = 0.02(0.02)0.10.

Example I: When C, = Rs (140,150,160) / order , D = 2500units/ year , K =3000 units/ year and N =0.06 year, then D, <0
and p, <0. The results are given in Table 1.

Example 11: When C_ = Rs. (140,150,160) / order , D =3000 units/ year , K =5000units/ year and N =0.06 year, then D, >0
and p, <0. The results are given in Table 2.

Example I11: When C, = Rs. (45,50,55) / order ; D = 2500units/ year , K =5000units/ year and N =0.08 year , then D, >0
and p, > 0. The results are given in Table 3.

Table 1: The optimal cycle time and the Table 2: The optimal cycle time and the Table 3: The optimal cycle time and the

minimum annual total cost with various values minimum annual total cost with various values minimum annual total cost with various values
of 6 when D1<0and D,<0. of 0 when D1>Oand D,<0. of 6 when D1>0and D,>0.

Cases 6 D, D, T, PAVCT)) Cases 06 D, D, T, PIVC,(T,)) Cases 0 D, D, T, P(IVC,(T.))

() 002 <0 <0 01202 1181.034 () 002 >0 <O 00927 1583655 () 002 >0 >0 00757 970.2486
(i) 004 <0 <0 01193 1205.753 (i) 004 >0 <O 00915 1638813 (i) 004 >0 >0 00747 1017.262
(i) 006 <0 <0 01184 1230.252 (i) 006 >0 <O 00904 1693268 (i) 006 >0 >0 00736  1063.608
(iv) 008 <0 <0 01174 1254537 (iv) 008 >0 <0 00893 1747.047 (iv) 008 >0 >0 00726 1109.314
(v 010 <0 <0 01166 1278613 (vy 010 >0 <0 00883 1800.174 (v 010 >0 >0 00717 1154407
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To study the effect of the inventory deteriorating rate on the optimal cost and the optimal cycle time derived by the
proposed method, we solve the above three examples with various values of q . The following inference can be made based on
Tables 1, 2 and 3.

When the deterioration rate increases, from Tables 1, 2 and 3, it is observed that, the optimal cost increases whereas
the optimal cycle time decreases.
As the deterioration rate increases, the situation of p <p and o, < inTablel, o, >0 and p, <0 in Table 2and

D, >0 and p, >0 in Table 3 will not changes. Cases (i) — (v) of Tables 1, 2 and 3 show the computed results.
8. CONCLUSIONS

In reality the value or utility of goods decreases over time for deteriorating items, which in turn suggests smaller cycle length.
In this article, we have developed an EPQ model for deteriorating items in the fuzzy sense where delay in payments for both
retailer and customer are permissible to reflect realistic situations. We assume that the supplier would offer a trade credit period
to the customer. The inventory costs namely holding cost, ordering cost, purchasing cost and selling price are assumed as fuzzy
numbers instead of crisp or probabilistic in nature. First, we investigate the retailer’s inventory system as a cost minimization
problem to determine the retailer’s optimal inventory policy. Using Graded Mean Integration Representation method, we have
defuzzified the fuzzy total variable cost per unit time. From the view point of the costs, decision rules to find the optimal cycle
time T" contain three cases: (i) TEN (i) NET£M and (iii) T3 M. In order to obtain the optimal ordering policy, we
propose a theorem and three algorithms. With the help of Theorem 1 and corresponding lemmas, simple algorithms are
provided for obtaining the optimum cycle time and the annual total relevant cost for the retailer.

In the crisp case, when g ® 0, K ® ¥ and ¢ =c,, Huang (2003) can be treated as a special case of this paper. In the crisp
case, when g ® 0, N =0 and C,=C, Chung and Huang (2003) can be treated as a special case of this paper. In the crisp case,
when K® ¥, N=0 and C, =C. the inventory model discussed in this paper is reduced to Shah (1993) model. In the crisp
case,when g® 0, K® ¥, N=0 and C, =, the inventory model discussed in this paper is reduced to Goyal (1985) model.

Some numerical examples are studied to illustrate the theoretical results. To study the effect of g on the optimal cycle time
T" and on the optimal annual total cost p(TVC(T")), there are some managerial phenomena from Table 1 - Table 3: (i) a
higher value of deterioration rate causes lower value of cycle time and (i) a higher value of deterioration rate causes higher
value of annual total relevant cost. The proposed model can assist the retailer in accurately determining the optimal cycle time
and the optimal annual total relevant cost. Moreover, the proposed model can be used in inventory control of certain
deteriorating items such as food items, photographic film, electronic components, radio active materials, and fashionable
commodities, and others.

The proposed model can be extended in several ways. For instance, we may extend the constant deterioration rate to a
two-parameter Weibull distribution. In addition, we could consider the demand as a function of time, selling price, product

quality, and others. Finally, we could generalize the model to allow for shortages, quantity discounts, and others.
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