International Journal of
Operations Research

International Journal of Operations Research Vol. 8, No. 2, 18- 26 (2011)

A New Option Pricing Model for Stocks in Uncertainty Markets

Jin Peng®” and Kai Yao?*
LInstitute of Uncertain Systems, College of Mathematical and Information Sciences,
Huanggang Normal University, Hubei, China - 438000
2Uncertainty Theory Laboratory, Department of Mathematical Sciences
Tsinghua University, Beijing, China - 100084

Received August 2010; Revised October 2010; Accepted November 2010

Abstract¥a This paper presents a type of stock models for uncertain markets by using uncertainty theory. Firstly, a brief history
of stock models and some methodologies are reviewed. Next, some useful concepts and properties about uncertain process are
recalled. Then, a stock model for uncertain markets is formulated by the tool of uncertain differential equation. Some option
pricing formulas on the proposed uncertain stock model are investigated and some numerical calculations are illustrated.
Finally, some remarks are made in the concluding section.
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1. INTRODUCTION

In 1973, Black and Scholes (1973) proposed the famous Black-Scholes model in stock market based on the geometric
Brownian motion, and gave an option pricing formula. After that, the formula was used to evaluate other financial derivative.
Nowadays, it has become an indispensable tool in financial market. In 2004, Liu (2004) founded a credibility theory to study
the behavior of fuzzy phenomena. Soon afterwards Liu (2008) proposed a stock model based on a fuzzy process. Then Qin
and Li (2008) derived the corresponding European option pricing formulas. Following that, Gao and Gao (2008) presented a
mean-reverting stock model for fuzzy markets, which was generalized by Peng (2008) later.

However, a lot of surveys showed that some imprecise quantities, such as information and knowledge represented by
human language, behave neither like randomness nor like fuzziness. In order to model these imprecise quantities, uncertainty
theory was founded by Liu (2007) in 2007 and refined by Liu (2010a) in 2010 based on normality, monotonicity, self-duality,
countable subadditivity, and product measure axioms. Lots of researchers have contributed in this area. Gao (2009) showed
some properties of continuous uncertain measure. You (2009) proved some convergence theorems of uncertain sequences.
Liu and Ha (2010) gave a formula of the expected value of function of uncertain variables. With the development of
uncertainty theory, Liu (2009) proposed uncertain programming which is essentially a type of mathematical programming
involving uncertain variables. Besides, Liu (2010c) introduced uncertain risk analysis and reliability analysis to deal with system
risk and reliability. Moreover, Li and Liu (2009) proposed uncertain logic to deal with uncertain knowledge via uncertainty
theory, and Liu (2009c) developed uncertain entailment in the framework of uncertain logic. In order to derive consequences
from uncertain knowledge or evidence, Liu (2010b) introduced uncertain inference and proposed the first inference rule, and
Gao, Gao and Ralescu (2010) extended the inference rule to the case with multiple antecedents and with multiple if-then rules.
In addition, Zhu (2010) presented uncertain optional control and applied it to a portfolio selection model. In order to collect
and interpret expert's experimental data by uncertainty theory, Liu (2010a) introduced a questionnaire survey and proposed
uncertain statistics for determining uncertainty distributions.

In order to study the evolution of uncertain phenomena with time, Liu (2008) proposed a concept of uncertain process in
2008, and Liu (2009b) designed a canonical process in 2009. In addition, Liu (2009b) invented uncertain calculus to deal with
differentiation and integration of function of uncertain processes, and Liu (2008) defined uncertain differential equation. After
that, Chen and Liu (2010) gave an existence and uniqueness theorem for uncertain differential equations. By means of
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uncertain differential equation, Liu (2009b) proposed a stock model for uncertain markets that are essentially a kind of markets
consistent with uncertain measure. Following that, Chen (2010) derived an American option pricing formula.

While Liu’s stock model describes stock prices in short-run properly, it can not describe stock prices in long-run, as the
stock prices fluctuate around some average price in long-run. In this paper, we will present a new uncertain stock model to
describe the stock prices in long-run and prove its corresponding option pricing formulas. The remainder of this paper is
structured as follows. The next section is intended to introduce some concepts of uncertain process. A new type of stock
model for uncertain markets and its extensions are formulated in Section 3. After that, European option pricing formulas and
American option pricing formulas for the proposed uncertain stock model are investigated in Section 4 and Section 5,
respectively. Finally, some remarks are made in Section 6.

2. PRELIMINARIES

Uncertain process was defined by Liu (2008) as a sequence of uncertain variables indexed by time or space. In this section, we
will introduce some useful definitions and properties about uncertain process.

Definition 1. (Liu (2008))
Let T be an index set and let (G, L, M) be an uncertainty space. An uncertain process is a measurable function from

T (G,L,M) to the set of real numbers, i.e., for eachtT T and any Borel set B of real numbers, the set
{XtT B} ={g| Xt(g)T B}
is an event.

An uncertain process X, is said to have independent increments if
Xign Xy = KXo Xy, = X Ly Xy - X
are independent uncertain variables where t, is the initial time and t ,t,,L_,t, are any times with t, <t <L_<t, . For this

case, X, is said to be an independent increment process.

Theorem 1. (Liu (2010d), Extreme Value Theorem)
Let X, be anindependent increment process with a continuous uncertainty distribution &, (x) at each time t. Then the

supremum
sup X,

Oftfs
has an uncertainty distribution

Y () = Inf F (.
OftEs
Moreover, if f is an increasing function, then

SUp f(X,)
Oft£s
has an uncertainty distribution

U = inf £ (F ().
OftEs

Definition 2. (Liu (2009b))
An uncertain process C, is said to be a canonical process if
(i) ¢y = 0and almost all sample paths are Lipschitz continuous,
(i) ¢, has stationary and independent increments,
(iii) every increment C,, - C, is a normally distributed uncertain variable with expected value 0 and variance t? whose
uncertainty distribution is

S

Lol
X
Fo(9 = §+ expg%p—@ . x1 A.
NEY”
If c, isacanonical process, then the uncertain process G, = exp(et +s C,) is called a geometric canonical process, where e
is called the log-drift and s is called the log-diffusion.

Definition 3. (Liu (2009b))
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Let X, be an uncertain process and let c, be a canonical process. For any partition of closed interval [a,b] with

- t, |. Then the uncertain integral of X, with respect to c, is

i+l

a=t <t, <L <t =b, the meshis written as D = max |t
I£i£k

\b . (|)<
Q X dC; = ||3|®nr13|a:1 Xti (Cti+l i Cti)
provided that the limit exists almost surely and is an uncertain variable.

Definition 4. (Liu (2008))
Suppose C, is a canonical process, and f and g are two given functions. Then
dX, = f(t, X,)dt + g(t, X,)dC,
is called an uncertain differential equation.

Let X, be the bond price, and Y, the stock price. Assume that the stock price Y, follows a geometric canonical process.
Then Liu's stock model (2009b) is written as follows,
] dXg =Xt
1 dY, = evdt +s ¥dc,
where I is the riskless interest rate, e is the stock drift, and s is the stock diffusion, and c, is a canonical process. Liu [13]
gave European option pricing formulas for Liu's stock model, and Chen [4] gave American option pricing formulas.

3. ANEW STOCK MODEL

In this section, we give some new uncertain stock models for financial markets as a counterpart of Black-Karasinski’s model
(1991).
Let X, be the bond price, and Y, the stock price. Then a new uncertain stock model with mean-reverting process may be
represented as follows,
‘:, dX¢ = rXqat "
1dY% =(m- aY)dt +s ,dC;
where r,m,a,s are some given positive constants, and c, is a canonical process.
This model incorporates a general economic behavior: mean reversion. That is, when the stock priceY, >m/a , ithasa

negative drift, thus the price tends to fall more likely; when the stock price Y, <m/a , it has a positive drift, thus the price

tends to rise more likely. Thus the stock prices appear to be pulled back to a long-run average level m/a over time.
A natural generalization for the above stock model is

1 dXt =h Xtdt
I
1dY =(m - aY)dt +s % dC;
where r,m,a,,s, are deterministic functions of the time t, and c, is a canonical process.

Now we assume that there are multiple stocks whose prices are determined by multiple canonical processes. For this case, we
have a multi-factor stock model in which the bond price X, and the stock prices Y, are determined by

dX, =rXdt

—_—

dY, =(m-aY,)dt+Qs,dC,, i=12L ,k

f
where r,m,a,,s are deterministic real numbers and c;, are canonical processes for i =1,2,L_,k and j =12,L.,n,
respectively.

4. EUROPEAN OPTIONS

A European option gives one the right, but not the obligation, to buy or sell a stock at a specified time for a specified price.
Assume that a European call option has a strike price K and an expiration time T . If Y_ is the final price of the underlying



21
Peng and Yao: A New Option Pricing Model for Stocks in Uncertainty Markets

IJOR Vol. 8, No. 2, 18- 26 (2011)

stock, then the payoff from buying a European call option is (Y, - K)". Considering the time value of money resulted from

the bond, the present value of this payoff is exp(- rT)(Y, - K)".

Definition 5.
Assume a European call option has a strike price K and an expiration time T. Then this option has price

f. = exp(- IMEL(Y, - K)'1.

Theorem 2. (European Call Option Pricing Formula)
Assume a European put option for the stock model (1) has a strike price K and an expiration time T. Then the European call
option price is
x s
f = Lexp(- (T)(L- exp(-aT)) Inal+ expe 2 p X
pa 8 8 3 90
where b =(aK - m- exp(-aT)@Y,- m))/(s - s exp(-aT)).

)

Proof.
It follows from the chain rule that

d(exp(at)Y,) =a exp(at)Y,dt + exp(at)ay,
=a exp(at)y,dt + exp(at)(m- a,)dt + exp(at)s dC,

=mexp(at)dt +s exp(at) dC,.
Integration on both sides of above equation yields

exp@t)y, - Y, = m(‘jexp(a s)ds+s (‘gtexp(a s)dC..
This means
m m J
Y, =—+exp(-at)(Y,- —)+s exp(- at)Qexp(a s)dC..
a a
Then we have
f. =exp(- rT)E[(Y, - K)']

= exp(- rT)(j M{Y, - K 3 shds

=exp(- rT)Q¥ M {s exp(- aT)oT exp(au) dC, 3 s} ds
where
d=3K- - exp(-aT)(y, - )
8 a a g

& 0
Since (‘DTexp(a u) dC, has a normal uncertainty distribution N 90, oxp(@au) du+, we have
e o 1]

Y

b

M

[ - —

T i N
s exp(-aT)pxp@@u)dC, 3 SZ: M iz—exp(-aT)(exp(aT) -Dx 3
0 I

=M{x >as/(s (- exp(-aT)))}
where X is a normal uncertain variable. So
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as u
s - s exp(- aT)[V)

=2 exp(- 1T)(A- exp(-aT)§ Mix > shds
a

f. = exp(- rT)(éf M ix >
|

-1
_S ) ) . ¥ &p 060
=3 exp(- rT)(1- exp(-aT))qy gH expg\/_ S.. ds

NES p

=5 oxp(- 1T)A- exp(-aT))InT+exp 2 p 2
pa € T8 3 omw
where
b=(aK-m-exp(-aT)@Y,- m))/(s - s exp(-aT)).
The European call option pricing formula is verified.

Example 1.
Assume that a stock is presently selling for a price Y, =30, the riskless interest rate r =8% per annum, m=0.1,

a =0.06 and s =7.5. Consider a European call option with an expiration time T =0.25 and a strike price K = 31. By the
European call option pricing formula (2), we effectively calculate out that the price is 0.2245.

Assume that a European put option has a strike price K and an expiration time T . If Y. is the final price of the underlying
stock, then the payoff from buying a European put option is (K - Y.)". Considering the time value of money resulted from
the bond, the present value of this payoff is exp(- rT)(K - Y.)".

Definition 6.
Assume a European put option has a strike price K and an expiration time T . Then this option has price

fp =exp(- IE[(K - Y,)'].

Theorem 3. (European Put Option Pricing Formula)
Assume a European put option for the stock model (1) has a strike price K and an expiration time T . Then the European
put option price is

\/§S OOO
fo= > exp(- rT)(1- ) ehel N 3
P e exp(- rT)(1- exp(-a ))8n8 +e><p8\/f ng +eng\/f pras ©)

where
b = (aK - m- exp(-aT)@Y, - m))/(s -s exp(-aT))
and
g=(-m- exp(-aT)@Y,- m)) /(s - s exp(-aT)).
Proof.

According to the definition of expected value of uncertain variable, we have



23
Peng and Yao: A New Option Pricing Model for Stocks in Uncertainty Markets
1IJOR Vol. 8, No. 2, 18- 26 (2011)

f,=exp(- IMELK - Y,)']
=exp(- IMQM{(K - Y)" * gds
= exp(- rT)QK M{K - Y. * s}ds
= exp(- rT)oK M{Y, £ shds
= exp(- rT)C)K M{Y, £ sjds

= exp(- rT)C;VK M {s exp(- aT)éexp(a u)dC, £ s} ds
s ®

=—exp(-rT)(1- exp(-aT))Q M {x £ s} ds
a

s cge. 2P 00
= — - - - I —s== d
- exp(- rT)(- exp( aT))Qg +exp8 \/gsm s

pa 1%/%)4]

where
d=(K-m/a- exp(-aT)(Y,- m/a)),
b=(aK- m- exp(-aT)@Y,- m)/(s - s exp(-aT)),
g= ( m- exp(-aT)@Y, - m))/(s -s exp(-aT))
and X is a normal uncertain variable. The European put option pricing formula is verified.

Example 2.
Assume that a stock is presently selling for a price Y, =30, the riskless interest rate r =8% per annum, m=0.1,

a =006 and s =7.5. Consider a European put option with an expiration time T = 0.25 and a strike price K =29. By the
European put option pricing formula (3), we effectively calculate out that the price is0.4531.

5. AMERICAN OPTIONS

An American option gives one the right, but not the obligation, to buy or sell a stock before a specified time for a specified
price. Assume that an American call option has a strike price K and an expiration time T . If 'Y, is the price of the underlying

stock at some timet, then the payoff from buying an American call option is
+
sSup(y, - K.
OEtET
Considering the time value of money resulted from the bond, the present value of this payoff is

sup exp(Y - K)".
OEtET

Definition 7.
Assume an American call option has a strike price K and an expiration time T . Then this option has price

f. = E[ sup exp(- rt)(Y, - K)'].

O£tET

Theorem 4. (American Call Option Pricing Formula)
Assume an American call option for the stock model (1) has a strike price K and an expiration time T. Then the American

call option price is
-1
& t)s+(@K- m)+(m- ay, -at)) 60
[ = & ap s e P (2 SRS K M (m: ay)epCan) B “
0£tET & - \/E‘B (1- exp(-at)) 20

Proof.
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We first calculate the uncertainty distribution F, of exp(- rt)(Y, - K)*. For eachtl (0,T], it is obvious that

F.(x) =0 provided X <0.When x>0, we have
F.(x)=M {exp(- re)(Y - K) £ x}

—_— ——

exp(- rt)8—+exp( at)(y, - —)+s exp(- at)Qexp(as)dC K= EXE

a

=M {s (‘jexp(as)dcs £ exp(rt +at)x+§( - mQexp(at) - ?) - m%
ag

=M {s éexp(a s)ds x £ exp(rt +at)x+?< - mQexp(at) - g'YD - Tg
ag a
where X is a normal uncertain variable. So we obtain
F. (%) =M{x £ (a exp(rt +at)x+(aK - m)exp(at)- (a¥,- m))/(s (exp@at)- 1))}

_a@ aep(aeprt)x+(@K - m+(m-aY)exp(-at)) oo
=cl+exp .
8 \/gs (1- exp(-at)) ﬂﬂ
It follows from the extreme value theorem that

sup exp(- rt)(Y; - K)"*

OEtET

has an uncertainty distribution

. & p (a exp(rt)x+ (@K - m)+(m- aY,) exp(- at))oo
Y = inf 1 - .
g v V3 (1- exp(-at)) o0

Thus we get
fo = E[sup exp(- rt)(Y; - K)']

OEtET

¥
=Q M{O%IEPI' exp(- rt)(Y - K)+ 3 s} ds

¥ @ aep(aeprs+@K- m+(m-aY)ep(- at))oo
_Q 1- |nf 81+exp8 ds
\/gs(l exp(- at)) o0
ps i) (a exp(rt)s+ (@K - m)+(m- aY)exp(- at)) 00
= Q sup Sl+ exp ds.
é \/;s (1- exp(-at)) o0

The American call option pricing formula is verified.

Example 3.

Assume that a stock is presently selling for a price Y, =30, the riskless interest rate r =8% per annum, m=0.1,
a =006 and s =7.5. Consider an American call option with an expiration time T = 0.25 and a strike price K = 31. By the

American call option pricing formula (4), we effectively calculate out that the price is 0.2244 .

Assume that an American put option has a strike price K and an expiration time T . If ; is the price of the underlying stock

at some time t, then the payoff from buying an American put option is

+
SUP(K-Y,) .
OEtET
Considering the time value of money resulted from the bond, the present value of this payoff is

sup exp(K - ;)"
OEtET

Definition 8.
Assume an American put option has a strike price K and an expiration time T . Then this option has price

f, = E[sup exp(- rt)(K - Y,)"].

OEtET
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Theorem 5. (American Put Option Pricing Formula)
Assume an American put option for the stock model (1) has a strike price K and an expiration time T. Then the American
put option price is

aexp(rt)s+(@kK- m)+(m-ay,)exp(-at
¢ —qupgl+expg— 2e p (-a exp(rt)s+( ) +( o) exp(- ))__ ds 5
0£tET @ \/55 (- exp(-at)) 20
Proof.
We first calculate the uncertainty distribution F, of exp(- rt)(K - Y,)". For eachtl (0,T], it is obvious that

F.(x) =0 provided X <0.When x>0, we have
F (%) =M{exp(- r)(K - )" £

=M | exp(-rt) (K

m m < T
—-exp(-at)(Y,- —)-s exp(-at)Qexp(as)dCS) £ Xy
a a g

— ——

Mjys éexp(as)dc 3 - exp(rt+at)x+| K - m exp@at)- 1Y - m
° a ‘a

N m m
=M {s Qexp(as)ds x 3 - exp(rt +at)x+(K - —)exp(at) - (YD - —)}

a a
where X is a normal uncertain variable. So we obtain

F.(0)=M{x 2 (-aexp(rt+at)x+(aK - m)exp(at)- (aY, - m))/(s (exp@at)- 1))}

3@ (-a exp(r)x+ @K - m) +(m- aY,) exp(- at))oo
= A1+ ex p8
\/55 (1- exp(-at)) QM
It follows from the extreme value theorem that
sup exp(- rt)(Y; - K)*
OEtET

has an uncertainty distribution
Y (9 = inf ?Hexp?)( a exp(rt)x+(@kK - m)+(m- aY,)exp(-at)) 0(? .
& V35 (1- exp(-at) o0

O£tET

Thus we get
= E[sup exp(- rt)(K - Y,)']

OEtET

= 6 M {OSEttJEFT)exp(- r)(K-yY) 3 s} ds

a® (-a exp(rt)x+ (@K - m)+(m- aY,) exp(- at))

¥ X
=01l- inf ~I+exp ds
Q O£t£T8 8 \/?S (1- exp(-at)) ﬂﬂ

Q 1+exp§ p (-a exp(rt)s+(ak - m)+(m- ay,) exp(- at))

The American put option pricing formula is verified.

9 s
Jas (1- exp(-at)) s

Example 4.
Assume that a stock is presently selling for a price Y, = 30, the riskless interest rate r = 8% per annum, m=0.1, a = 0.06

and s =7.5. Consider an American put option with an expiration time T = 0.25 and a strike price K = 29. By the American
put option pricing formula (5), we effectively calculate out that the price is 0.4530 .

6. CONCLUSION

The main contribution of this paper was to provide a mean-reverting stock model via uncertainty theory. Some option
pricing formulas were proved for the stock model. In addition, some numerical experiments were given to illustrate the
formulas.
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