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Abstract  In this paper, optimum procurement policy is worked out when trade credit is offered to the retailer by the 
supplier and demand is stock-dependent. The own warehouse (OW) capacity is limited and excess inventory is stored in rented 
warehouse (RW). The rented warehouse has modern infra-structure facility. Hence, the unit holding cost in rented warehouse 
is assumed to be higher than that in the owned warehouse. A decision rule is constructed to hire a rented warehouse or not. 
The uniqueness of the optimal solution is discussed. The numerical examples are presented to validate the proposed problem. 
The managerial insights are deduced using sensitivity analysis. It is observed that the retailer should stock more and increase 
time for a higher ordering cost. On the other hand, lower ordering cost facilitates the retailer to go for owned warehouse only. 
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1. INTRODUCTION 

The trade credit analysis has attracted researchers. This promotional tool stimulates the demand, attracts customers. 
Goyal (1985) discussed an EOQ model under the condition of a permissible delay in payments. Shah et al. (2010) gave an 
up-to-date review article on trade credit. It has been proved by number of researchers that this promotional tool entice retailer 
to larger orders, so the question is where to stock this order. The review article by Shah et al. (2010) has citations which assumes 
that the retailer owns a single warehouse with unlimited floor space. However, due to high value of the space, any warehouse 
will have limited space.  

Hartely (1976) discussed concept of two warehouses viz. owned warehouse (OW) and rented warehouse (RW).It was 
assumed that the units are first stocked in owned warehouse to its maximum capacity and rest in the rented warehouse. The 
holding cost of an item in the RW was assumed to be higher than OW. Sarma (1993) derived optimal strategies for two 
warehouses when replenishment rate is infinite. Goswami and Chaudhari (1992) allowed complete backlogged when demand 
increases linearly with time. Some other relevant articles are by Pakkala and Acharya (1992a, 1992b), Ishii and Nose (1996), 
Benkhrouf (1997), Yang (2004), Lee (2006), Yang (2006), Shah and Shah (2012) discussed inventory models in fuzzy 
environment. 

Levin et al. (1972) quoted that “large piles of goods attract more customers”. This scenario is termed as stock-dependent 
demand. Urban (2005) discussed optimal ordering policy when demand is stock-dependent. Zhou and Yang (2005) formulated 
a two-warehouse model with a stock-dependent demand. They incorporated transported cost incurred in transferring units 
from owned warehouse to rented warehouse. Zhou et al. (2012) discussed an uncooperative order inventory model for 
stock-dependent demand when trade credit is offered and limited one display space. 

In this paper, the optimal ordering policy is derived for two-warehouse facility inventory system under stock-dependent 
demand and credit financing. The unit holding cost in rented warehouse (RW) is higher than that in the owned warehouse 
(OW). The objective function is profit maximization. The analytic results are derived to establish the existence and uniqueness 
of the cycle time. These results will aid to the decision maker to decide “whether or not to rent RW?” to stock larger order to 
maximize annual profits. This model can well set in the super malls, festival seasons etc. In next section, the notations and 
assumptions are given. 

 
2. NOTATIONS AND ASSUMPTIONS 

The following notations and assumptions are adopted to develop proposed mathematical model. 
 

2.1 Notations 

OW Owned warehouse 
RW Rented warehouse 
A The ordering cost per order 
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( ( ))R I t
k
 

The stock dependent demand rate 
( ( ))

k
R I t = ( )

k
I t  ,where 0  denotes scale demand; 0 1   

denotes stock-dependent parameter; and ( )I t
k

denotes inventory level 

at any instant of time t . where 0k  or   
W The limited storage capacity of OW 
P The selling price per unit 
C The purchase cost per unit, with C P  

0
h  The holding cost per unit time in OW 

rh  The holding cost per unit time in RW, h h
r o

  

T The cycle time ( a decision variable) 
Q The order quantity ( a decision variable) 

rT  The time at which inventory reaches to zero in RW 

T
o

 1
ln 1 W

 
     
  

M The credit period offered by the supplier  M T
o

  

cI  Interest charged per unit per annum 

eI  Interest earned per $ per annum 

Z(T) The annual net profit per unit time. 
  

2.2 Assumptions 

(1) The two-warehouse inventory system stocks single item. 
(2) The planning horizon is infinite. 
(3) Lead-time is zero or negligible. Shortages are not allowed.  
(4) The OW has a finite capacity of W-units.  
(5) The RW has infinite capacity.  
(6) The items in RW are sold first. 
(7) The holding cost of an item in RW is more than that in the OW. 
(8) The supplier offers a credit period to the retailer. The retailer earns interest at the rate I

e
 on the generated revenue 

during permissible credit period. At the end of the credit period, the purchase dues are settled. On the unsold stock, 
the retailer has to pay interest charges at the rate I

c
. (Shah (1993)). 

(9) ( )I t
o

denotes the inventory level during (0, )T
r

in the OW, in which the inventory is depleting due to 

stock-dependent demand. ( )I t
r

denotes the inventory level during (0, )T
r

in the RW, in which the inventory level is 

changing due to stock-dependent demand. ( )I t is the inventory level during ( , )T T
r

and ( ) 0I T  .  

 

3. MATHEMATICAL MODEL 

In this section, we want to discuss conditions in which hiring RW is favorable to stock more items to maximize annual net 
profit. IfQ W , then there is no need of RW. Otherwise, W units are stocked in OW and remaining in RW. Two scenarios are 
to be analyzed, viz. (A) the single-warehouse inventory system, and (B) the two-warehouse inventory system. If we denote 

1
ln 1

W
T
o


 

      
, the inequality Q W holds if and only if .T T

o
  
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3.1 Single-warehouse inventory model ( )T T
o

 (Fig.1) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. T To ≥  
 

 Initially, the inventory system has Q units. During the period (0, )T the inventory level depletes in the OW due to 
stock-dependent demand. The rate of change of inventory level at any instant of time t  is governed by the differential 
equation 

 ( )
( ) ,

dI to I t
odt

    0 t T  .                      (1) 

Using boundary condition ( ) 0I T
o

 , the solution of differential equation (1) is  

( )( ) 1 ,T tI t e
o

 


   
  

0 t T                         (2) 

and the purchase quantity is  

(0) 1ToQ I e
o

 


 
   
  

                                                                                                              (3) 

The components of annual net profit per unit time of the inventory system are  

(1) Sales revenue = ( )
Q

P C
T

  

(2) Ordering cost = A
T

 

(3) Holding cost in the RW=0 because only single-warehouse is used. 

(4) Holding cost in the OW 
20

1( )T Th ho odt e T
T T

I to





 
    
  

  

For calculations of interest earned and interest charged two cases may arise.  
 
Case 1 :T M  
 In this case, the retailer has sold all the units before the permissible delay period. So the interest charges are zero and the 

interest earned per unit time is 
0

( ( )) ( )TPIe
T

R I t tdt Q M To
 
 
  

   

 
Case 2: M T  

In this case, the retailer has to pay M . During 0,M    , the interest earned per unit time is 
0

( ( ))MPIe
T

R I t tdto
 
 
  
   and during 

,M T    , the interest paid at the rate I
c

on the unsold stock is ( )T

M

CIc
T

I t dto . 

The annual net profit per unit time, Z(T) is sales revenue minus sum of ordering cost, holding cost in RW, holding cost 
in OW, interest charged plus interest earned. Consequently, the net profit per unit time is  

Z(T) = ( ), if 01
( ), if T2

Z T T M
Z T M



 


                        (4) 

M  T  To  

W  

Time 

Inventory level 
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where 

( )
1

Z T   2

2

1
( ) 1 1 1 1T T T TeA h PIoP C e e T T e T e M T

T T TT

     
 

 

                                           
             (5) 

And 

22
( ) ( ) 1 1T ToA h

Z T P C e e T
T T T

  


 

   
          
      

2

2

( ) ( )
2

1
(1 ) ( ) 1T T M T McPI CIe M e M e e T M

T T

   
 

 

 
 
                     
  

                         (6) 

One can check that ( ) ( )
1 2

Z M Z M , Z(T) is well-defined and continuous. The first and second order derivative of  

( )
1

Z T  ( )
2

Z T   are  

'
( )

1
Z T 

2

2 2

(1 ) 1 ( )
1

( ) 1

T

T T

A T e h P C PIo e

MT PI T Te M T ee



 


  






                                      

                                   (7) 

"
( )

1
Z T    2

3

1 2
2 1 1 ( )T TA T e e T h P C PIo e

T

    


                             

2

3

2
( ) 2 ( 1)T T TePI M

T e M T MTe e
T

  




 
     
 

    

                                                   (8) 

'
( )

2
Z T    ( )

2 2 2

1
1 1 ( ) (1 ) 1T T MCIcA T e h P C PI e T Mo e

T

  
    

 


                                 

 

               2 ( ) ( )
2 2

1 1
1 1 1T M T T MPI M T e T e Me Te

T

      


 
                           

                                              (9) 

"
( )

2
Z T    2 2

3

1
2 ( ) 2 3 2T T TA h P C PI e Te T eo e

T

     
                   

  

         1 ( ) ( ) 2 ( )2 2 2 2
3 2

CI T M T M T Mc e Te M T e
T

     


                    

 

12 ( ) ( ) 2 ( ) ( )2 2 2 2 2 2
3 2

PIe T M T T M T T M T MM e e Me Te TMe TMe
T

         


 
                   
  

 

1 2 2 3 2 ( ) 2 2 ( )
3 2

PIe T T M T MT e T Me T e
T

     


                                (10) 

 
If 0,   equations (4) - (10) are same as those given in Liao and Huang (2010) without deterioration case. When P C , then 
these equations are consistent with those given in Hwang and Shinn (1997). Using lemma 1 and 2 of Chung et al. (2001), we 

have ''
( ) 0

1
Z T   for allT , and ''

( ) 0
2

Z T   for all T M respectively. Hence, we have following theorem. 

 
Theorem 1 Let T T

o
  

1. ( )
1

Z T  is  concave on (0, ).M  

2. ( )
2

Z T is concave on [ , ).M   

3. ( )Z T is concave on (0, ) . 
 
Also, let 

  21 1 ( ) 1
2

MM MA M e h P C PI PI M eo e e
     



                              
 

Similar to theorem 2 of Chung et al. (2001), we have following theorem. 
 
Theorem 2 

1. If  > 0, then * *
.

2
T T  

2. If  < 0, then * *
.

1
T T  

3. If  = 0, then * * *
.

1 2
T T T M    

Thus, we have proved that forT T
o

 , single warehouse is advantageous i.e. the retailer should use OW and order *
.Q W  
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3.2 Two warehouse inventory model ( )T T
o

 (Fig 2). 

 
Figure 2. 

o
T T  

 
Q W , two-warehouse facility should be used. Out of Q units received in the beginning of the cycle, W units are 

stocked in the OW and remaining Q W units are stored in the RW. During (0, )T
r

we first give away items from RW and then 

from OW. The rate of change of inventory level in RW during (0, )T
r

can be governed by the differential equation, 

( )
( )

dI tr I t
rdt

    ,   0 t T
r

                  (11) 

with boundary conditions ( ) 0.I T
r r

 The solution of equation (11) is  

( )( ) 1T trI t e
r

 


   
  

 , 0 t T
r

                 (12) 

During (0, )T
r

the rate of change of inventory level, ( )I t
o

in OW is described by the differential equation, 

( )
( )

dI to I t
odt

 ,   0 t T
r

                   (13) 

with initial condition (0)I W
o

 .The solution of equation (13) is  

( )
t

I t We
o

 , 0 t T
r

                   (14) 

During ( , )T T
r

, the rate of change of inventory is governed by the differential equation, 

( )
( )

dI t
I t

dt
    , T t T

r
                  (15) 

with boundary condition ( ) 0I T  .The solution of equation (16) is  
( )( ) 1T tI t e

 


   
  

, T t T
r

                                                                                                  (16)  

The order quantity during the cycle time is  

(0) (0)Q I I
r o

  = 1Tre W
 


 
  
  

               (17) 

Similar to section 3.1, the different cost components of the annual net profit per unit time are  

1. Sales revenue = ( )
1

P C Tre W
T

 


          
 

2. Ordering cost = A
T

 

3. Holding cost in RW= ( ) 10 2
h hTr r Tr rI t dt e Tr rT T

  


 
       

 

Time 

( )I t  

( )I tr  

( )I to  

Inventory level 

Q  

W  

0  M  T  Tr  
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4. Holding cost in OW = ( ) ( )
0

T Trho I t dt I t dtoT
Tr

 
 
   
  

=  ( )1 ( ) 1
2

h Wo T T Tr re e T TrT
  

 

 
                    
  

 

5. Interest earned is same as given in single ware house case for M T . 

6. Interest charged = ( ) ( ) ( )
T T Tr rCIc I t dt I t dt I t dtr oT
M M Tr

 
 
     
  

  

    ( ) ( )( ) 1 ( ) 1
2 2

CI Wc T M M T T Tr r re T M e e e T Tr rT
     

 

 
                                     
  

 

Hence, the annual net profit per unit time is, 

( )( ) ( ) 1 1 ( ) 1
3 2 2

Q A h h Wr oT T T Tr r rT P C e T e e T Tr rT T TT
Z     

 

 
                                    

 

          ( ) ( )( ) 1 ( ) 1
2 2

CI Wc T M M T T Tr r re T M e e e T Tr rT
     

 

 
                                     
  

 

          12 ( )(1 )
2

PIe T T MM e M e
T
  



 
           
  

                                  (18) 

Using continuity, we have ( ) ( )I T I T
o r r

 , which gives T
r

 to be a function of T as 1
ln

Te W
T
r

 
 

        
                       (19) 

Also, 
 

1
TdT er

dT Te W


 

 


                       (20) 

 
Substituting value of T

r
from equation (19) into equation (18) , we obtain annual net profit per unit time to be a function of T . 

The necessary condition for ( )
3

Z T to be maximum is to set '
( )

3
Z T to be zero. 

Thus, we obtain ( ) 13 ( )
32

dZ T
f T

dT T
                     (21) 

where, 

( ) ( ) ( 1) 1 ( 1)
3 2

hdT dTrT T T Tr rr r r rf T A P C W Te e e T T erdT dT

     
 

                     
 

         ( ) ( )1 ( ) 1 1 (1 )
2

W dT T dTT T T T T Tr rr r r rh e e T T WTe ero dT dT
    

 

 
                                     
  

 

         12 ( ) ( )( ) (1 ) (1 ) (1 )
2

T T M T MCI h T PI M T e T e M T e
c e

      


 
                
  

                                    (22) 

where 
( ) ( )( ) ( ) 1 1 1

2
dT W dTrT M T M M T rrh T e T M T e e e Tr dT dT

      


                                       
 

( ) ( )( ) 1 1 1
2

dTT T T T rr re T T T er dT

   


                       
 

 
Clearly, both 

3
( )f T  and 

3
( )Z T have the same sign and domain. Let *

3
T if it exists be the solution of 

3
.( ) 0f T  we claim 

following theorem. 
 
Theorem 3 

1. If *
3 3
( ) 0,

o
f T T is the unique cycle time which maximizes 

3
( )Z T on [ , )

o
T  . 

2. If
3
( ) 0

o
f T  , then 

3
( )Z T is decreasing on [ , )

o
T  . So, *

3
.

o
T T  

Proof : 
1. Proof follows from Shah (1993) and Thomas and Finney (1996). 
2. Proof is similar to that of Liao and Huang (2010). 
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4. OPTIMIZATION OF TWO-WAREHOUSE MODEL  
 
The annual net profit per unit time is  

( ),  01
( ) ( ),  2

( ),  3

Z T if T M

Z T Z T if M T To
Z T if T To

     

                      (23) 

Also, at T T
o

 and 0T
w

 the capacity of the warehouse is 1 .ToW e
 

      ( )Z T is continuous function except atT T

o
 . 

We have, ' '
( ) ( )

1 2
Z M Z M  1 2(1 ) 1 ( ) 1

2 2
MM MA M e h P C PI PI M eo e e

M

     


                               

                         (24) 

   1'
( ) 1 1 ( )

2 2 2
ToZ T A T e h P C PIo o eo To

   


 
            
  

1 2 ( ) 1
2

MT To oPI T T e M T ee o o o
To

 


                    
 

            1 ( )1 1
2 2

CI T Mc oT e Mo
To

  


 
           
  

                                          (25) 

and 
1'

( ) ( ).
3 32

Z T f T
o oTo

                        (26) 

For simplicity, let  

  2( ) (1 ) 1 ( ) 1
2 2

MM Mf M A M e h P C PI PI M eo e e
     



                               

 

and 

   ( ) 1 1 ( )
2 2

Tof T A T e h P C PIo o eo
   


               

 2 ( )( ) 1 1 1
2

CIM cT T T Mo o oPI T T e M T e T e Mo o o oe
    

 

                        
 

Since ( )
2

Z T is concave on '
[ , ),  ( )

2
M Z T  is decreasing on [ , )M  and ( ) ( )

2 2
f M f T

o
 . 

Also, ( ) ( )
2 3
f T f T

o o
  and  

( ) 0
2
f M  if and only if *

1
T M                      (27) 

( ) 0
2
f M  if and only if *

2
T M                      (28) 

( ) 0
2
f T

o
 if and only if *

2
T T

o
                      (29) 

( ) 0
3
f T

o
 if and only if *

3
T T

o
                      (30) 

So we have following decision making Table 1 for optimum cycle time. 
 

Table 1. Optimum cycle time 

 
 

( ) 0
3
f T

o
 . 

 
 

( )
2
f M  ( )

2
f T

o
 Optimal Cycle time 

(Whichever gives maximum profit) 

0  0  *
1

T or *
3

T  

> 0 0  *
2

T or *
3

T  

> 0 > 0 *
3

T  

 

( ) 0
3
f T

o
  

( )
2
f M  ( )

2
f T

o
 Optimal Cycle time 

(Whichever gives maximum profit) 

0  0  *
1

T or T
o

 

> 0 0  *
2

T or T
o
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 In next section, we discuss two examples to illustrate the mathematical formulation to decide the choice of rented 
warehouse. 
 
5. NUMERICAL RESULTS 

Example1 
Let 400  units/year,

0
2%, $0.2h   unit/year, $0.5h

r
 unit/year, 0.1M  year, $20P  /unit/year, $5C  /unit/year,

15%, 12%, 300I I W
c e

   units/year. Then ( ) 71.30 0
3
f T

o
  . The optimal solution is given in Table 2 for different values 

of ordering cost, A. 
 

Table 2. Optimal solution for Example 1 

A  T
o

 ( )
2
f M  ( )

2
f T

o
 *

T  *
Q  *

( )Z T  

1 0.744 < 0 < 0 *
1

T = 0.053 20.53 6057 

15 0.744 > 0 < 0 *
2

T = 0.063 25.22 6122 

225 0.744 > 0 > 0 *
3

T = 0.319 128.24 5394 

 
The observations are  
(a) Optimal cycle time and purchase quantity are very sensitive to ordering cost. The annual profit per unit time decreases 

with increase in ordering cost. It suggests that the retailer to stock more items in a larger cycle time. 

(b) For A = 1 and A = 15, the order quantity is lower than the storage capacity W. so the retailer should not go for rented 
warehouse. In other words, the lower ordering cost is advantageous for the retailer to go with owned warehouse. 

 
Example 2  
Let 60  units/year, 2%, $4h

o
   /unit/year, $5h

r
 /unit/year, 0.1M  year, $5P  /unit/year, $0.5C  /unit/year, 

14%, 12%, 15I I W
c e

   unit/year. Then ( ) 112.05 0
3
f T

o
   , Using table 1, we have optimal solution in Table 3 for 

different values of A. 
 

Table 3. Optimal solution for Example 2 

A  T
o

 ( )
2
f M  ( )

2
f T

o
 *

T  *
Q  *

( )Z T  
1 0.2494 < 0 < 0 0.092 5.54 251.94 
4 0.2494 > 0 > 0 0.171 10.25 229.6 

 
Observations are similar to those stated for Example 1.  
Using data of example 1, we carry out sensitivity analysis to find out critical inventory parameters which forces the retailer 

to opt for rented warehouse also. Fig.3, Fig.4 and Fig.5 shows variation in optimum purchase quantity, total annual profit per 
unit time and optimal cycle time respectively. It is observed that optimal cycle time is inversely sensitive to scale demand, 
marginally sensitive to purchase cost and directly related to warehouse’s display capacity and deterioration rates of units in 
warehouses. The total profit is hindered by unit purchase cost while escalates by the scale demand. The equilibrium is to be 
maintained by the retailer in these critical parameters.   
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Figure 3. Percentage change in inventory parameters            Figure 4. Percentage change in inventory parameters    

Figure 5. Percentage change in inventory parameters 

 
6. CONCLUSION 

This study aims to analyze the need of rented warehouse when own warehouse has limited storage capacity and demand is 
stock dependent. The retailers are attracted by the policy of delay payment and goes for larger order. The decision policy is 
suggested to the retailer to use the rented warehouse to maximize profit. The numerical examples and sensitivity analysis will 
help the decision maker to take the favorable decision. The future study should consider time-dependent shortages, 
time-dependent deterioration of units, credit linked to order quantity, etc. 
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